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0. Introduction 

In nonlinear sigma models (see Appendix B.2 in |CK| on physical theories) there 
are two twisted theories, the A-model and the B-model. Mirror symmetry is an 
isomorphism between the A-model and the B-modcl for a pair of two distinct Calabi- 
Yau threefolds V and V° with Kahler structures. One consequence of mirror sym- 
metry is an isomorphism between the quantum cohomology on ® p ^ q H p ' q {y) and the 
chiral ring of the B-model (B P ,qH p (V° , A q Tv), which implies the equality of the 
corresponding correlation functions (Yukawa couplings). These correlation func- 
tions describe interactions between strings. From a mathematical point of view, 
knowledge about the B-model Yukawa coupling and the equality with the A-model 
Yukawa coupling of the mirror manifold produces enumerative information on this 
mirror manifold. One important construction widely used in physics and mathe- 



matics is the Batyrev mirror construction in toric varieties (see [B2]). 

In this paper we study the chiral ring (B p H p (X, f\ p Tx) (this is actually a subring 
of the whole chiral ring) for quasismooth hypersurfaces X in complete simplicial 
toric varieties. In particular, we completely describe the chiral ring $> p H p (X, A p 73c ) 
in the case of 3-dimensional Calabi-Yau hypersurfaces. This applies to the mirror 
symmetric hypersurfaces in Batyrev's construction. 

The following is an outline of the paper. We begin in Section [l] with a review 
of notation and general facts from toric geometry. For complete toric varieties, the 
notions of semiample, nef (numerically effective) and generated by global sections 
are equivalent for invertible sheaves (divisors). Geometry and intersection theory 
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associated with big (the self-intersection number is positive) and net divisors was 
studied in Q. Here, we generalize those results to all semiample divisors. Such 
divisors on complete toric varieties naturally produce a surjective morphism of the 
ambient space onto another complete toric variety. Moreover, this construction is 
unique with certain conditions relating semiample divisors to ample divisors on the 
new toric variety. We also show that a proper birational morphism of toric varieties 
induces a natural graded homomorphism of the coordinate rings. For a semiample 
divisor, this gives an isomorphism of rings in the degree of the divisor. 

Section uses the results of Section |l| to describe the geometry of semiample 
regular (transversal to orbits) hypersurfaces in complete toric varieties. We get a 
stratification of such hypersurfaces in terms of nondegenerate affine hypersurfaces 
cohomology of which has been studied in [Bl]. We also review some facts about 
hypersurfaces in complete simplicial toric varieties. In particular, we recall from 
|m| the relationship between the Jacobian ring R(f) (resp., i?i(/)) and the middle 
cohomology H d ~ 1 (X) of a quasismooth (resp., big and nef regular) hypersurface X 
in a d-dimensional complete simplicial toric variety. The ring Ri(f) has been used 
in Q to describe the middle cohomology of a 3-dimensional big and nef regular 
hypersurface completely. 

In Section |^, we introduce the (Zariski) p-th exterior power A p Tx of the tangent 
sheaf for an arbitrary orbifold X, which is defined similarly to the sheaf tt x of 
Zariski p-forms (see [CK, A.3]). Then we show that for a quasismooth hypersurface 
X of degree [3 there is a ring homomorphism R(f)*/3 — > H*(X,A*Tx) (the latter 
is our notation for (B p H p (X, A p Tx ))• Also, with respect to this homomorphism 
the map between R{f) and the middle cohomology of a quasismooth hypersurface 
is a morphism of modules. In the Calabi-Yau case the situation is especially nice 
because we get an injective ring homomorphism Ri(f)*p — > H*(X, A*Tx) (we call 
R\ (/)*/3 the polynomial part of the chiral ring because its graded piece in H 1 (X, Tx) 
should correspond to polynomial infinitesimal deformations for a minimal Calabi- 
Yau X (see |CKl)). 

According to the above terminology, in Section ^, we study the non-polynomial 
part of the chiral ring complementary to the polynomial part. We construct new 
elements in H*(X, A*Tx) for a big and nef quasismooth hypersurface X, and in 
the case of a minimal Calabi-Yau these elements in H 1 (X, Tx ) should correspond 
to non-polynomial deformations. The new elements are represented by a map 
from some quotient R a (f) of the Jacobian ring to H*(X, A*Tx ), and this map is 
actually a morphism of modules with respect to the ring homomorphism R(f)^i3 — > 
H*(X, A*7x). We also calculate some vanishing cup products of the new elements. 
The new part of H*(X, A*Tx) has its analogue in the middle cohomology H d ^ 1 (X) 
of the hypersurface. This is also given by a map from certain graded pieces of 
R a {f) to H d ~ 1 {X). We show that this map is morphism of modules with respect 
to R(f)* p ^ H*(X,A*T X ). 

In Section |^, we describe the toric part of cohomology of a semiample regular 
hypersurface. This part is the image of cohomology of the ambient space, while its 
complement, called the residue part, comes from the residues of rational differen- 
tial forms with poles along the hypersurface. We show that the cohomology of a 
semiample regular hypersurface is a direct sum of its toric and residue parts. 

Section || studies the middle cohomology of a big and nef regular hypersurface. 
We provide a better and more general description of the middle cohomology than 
the one given for 3-dimensional hypersurfaces in Q. Here, we use a new ring i?f (/), 
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analogous to the ring Ri(f). An algebraic description of the middle cohomology 
can be used in the Calabi-Yau case to compute the product structure on the chiral 
ring. 

In Section ^, we consider semiample anticanonical regular hypersurfaces. Such 
hypersurfaces are Calabi-Yau, implying that their chiral ring is isomorphic to the 
middle cohomology. Using the description of Section |6|, we have a partial description 
of the space H*(X,A*T X ) in terms of R\{f) and i2f(/). We show that this part 
is a subring of the chiral ring. This subring is the whole H*(X, A*Tx) in the case 
of Calabi-Yau threefolds. The product structure of the polynomial part Ri(f) is 
in Section ||, while the product of two different elements from Ri(f) and Ri(f) 
is in Section [|. We describe the nontrivial product structure on the spaces R1{f) 
in terms of triple products. Since H*(X, t\*Tx) and the described subring have a 
nondegenerate pairing, induced by the cup product on the middle cohomology, one 
can recover the chiral ring structure completely on these spaces. 

Acknowledgments. I am very grateful to David Cox for his support and valuable 
comments. Parts of this work were inspired by some notes of David Cox and David 
Morrison whose results we include in Section 0. 



1. Semiampleness 

In this section we first review some basic facts and notation, and then generalize 
the geometric construction of Q associated with semiample divisors on complete 
toric varieties. We show that a semiample divisor naturally produces a surjective 
morphism of the ambient space onto another complete toric variety. This construc- 
tion is unique with certain conditions which relate the semiample divisor to an 
ample divisor on the new toric variety. At the end of this section we show that a 
proper birational morphism of toric varieties gives a natural graded homomorphism 
of the homogeneous coordinate rings of the varieties. We apply this to the maps 
associated with semiample divisors. 

Let M be a lattice of rank d, then N = Hom(M, Z) is the dual lattice; Mr 
(resp. Yr) denotes the R-scalar extension of M (resp. of N). The symbol Ps 
stands for a d-dimensional toric variety associated with a finite rational fan X in 
Yr. A toric variety Ps is a disjoint union of its orbits by the action of the torus 
T = Y <g> C* that sits naturally inside P^. Each orbit T a is a torus corresponding 
to a cone a £ S. The closure of each orbit T CT is again a toric variety denoted V(a). 

We use S(fc) for the set of all fc-dimensional cones in £; in particular, S(l) = 
{pi, . . . , p n } is the set of 1-dimcnsional cones in E with the minimal integral gen- 
erators ei , . . . , e„ , respectively. Each 1-dimensional cone pi corresponds to a torus 
invariant divisor Di in Pj> 

A torus invariant Weil divisor D = JY=i a iDi determines a convex polyhedron 

A.d = {m € Mr : (m, ej) > — dj for all i} C Mr. 

Each Weil divisor D gives a reflexive sheaf Op s (D), whose sections over U C Ps 
are the rational functions / such that div(J) + D > on U. When D — Y^i=i a iDi 
is Cartier, there is a support function ipo ■ -Yr — > R that is linear on each cone 
ueS and determined by some m a € M: 



■0c(e l ) = (m<r,ei) = -a, for all e l S a. 
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When Ps is complete, the polyhedron of a torus invariant Weil divisor is 
bounded and called polytope. Also, the line bundle Op s (D), corresponding to a 
Cartier divisor D, is generated by global sections if and only if -0D is convex. 

We call a Cartier divisor D on a complete toric variety Ps semiample if Op E (D) 
is generated by global sections. 



Remark 1.1. This definition is consistent with the one in [EV, § 5] used in a non- 
toric context for projective varieties, because an invertible sheaf £ on a complete 
toric variety is generated by global sections iff some positive power C k is generated 
by global sections. 

Theorem 1.6 in (M) shows: Op s (D) is generated by global sections is equivalent 
to the condition that the divisor D is nef (numerically effective). Therefore, the 
notions of semiample and nef are equivalent for divisors on complete toric varieties. 



Following [EV, § 5], a semiample divisor D on Ps also has the Iitaka dimension: 

k{D) := k(0 Ps (D)) = dim MPs), 

where 4>d ■ Ps — + IP(^ (Ps, Op s (D))) is the map defined by the sections of 
the line bundle Op E (D). The possible values for this characteristic are k(D) = 



0, . . . ,dimPs. Moreover, the Exercise on page 73 in |F1, Section 3.4] shows that 
k(D) for a torus invariant D is exactly the dimension of the associated polytope 
Ad. It will be convenient for us to introduce the following notion. 

Definition 1.2. A semiample divisor I? on a complete toric variety Pe is called 
i-semiample if the Iitaka dimension n(D) = i. 

Remark 1.3. In Q we called a Cartier divisor D semiample if Op E (D) is gener- 
ated by global sections and the intersection number (D d ) > 0. In fact, such divisors 
have the maximal Iitaka dimension n(D) = dimPs- In the common terminology, 
they correspond to big ((D d ) > 0) and nef, and, according to the above definition, 
we should call them d-semiample with d = dimPs- 

All ample divisors on Ps are semiample and have the Iitaka dimension equal 
to dimPs- Our goal is to show that semiample divisors give rise to a natural 
geometric construction connected with ample divisors. Let D = Ylk=i a k^k be 
an i-semiample divisor on Ps with the convex support function if)r>. For each d- 
dimensional cone a € E there is a unique m a S M such that iPd(v) — (fflj,!)) for 
all v £ a. Glue together the maximal dimensional cones in £ with the same value 
m a . The glued set r(m CT ) is a convex rational polyhedral cone. Indeed, let v be in 
the convex hull of r(m CT ), then iPd(v) < (m ff ,i;), by the convexity of the support 
function. On the other hand, v is lying in some d-dimensional cone, where the 
value of ipD is determined by m' € M. Hence, ipo(ek) = {fn a , e^) < (mf, e&) for all 
generators from the set r(m cr ). Since v is a positive linear combination of some 
generators lying in T{m a ), we get (m a ,v) < (m',v) — iPd(v). Therefore, the glued 
set r(m (T ) coincides with its convex hull. The new cones r(m fT ) are not necessarily 
strongly convex, but they all contain the same linear subspace 

T(m a ) n (-r(m CT )) = {veN R : ip D (-v) = -tp D (v)}. (1) 

To see the equality note that (m a ,w) > iPd(w) for any w, by the convexity of the 
support function. Therefore, for v in the right-hand side of ([!]), we have (m CT , —v) > 
iiD{—v) = —ipn(v) > — (fB r ,t/) implying that v S r(m cr ) n (— r(m (J )). The other 
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way is obvious. From here we get that the linear space in (|l|) consists of v € iVja such 
that (m„,v) is the same for all a. Since Op s (D) is generated by global sections, the 
polytope Ajj is the convex hull of m a . Therefore, the dimension of ([l]) is exactly 
d — i. If Ac contains the origin, this linear space can be obtained as the orthogonal 
complement of the polytope. 

Denote by N' = {v € N : v) = —-i(jd{v)} a sublattice of N, we also get the 

quotient lattice Np := N/N' . Then the z-dimensional linear space N R is a support 
of a complete fan £' filled up by the cones of the fan £ contained in N R . The 
quotient sets r(m CT )/iVg in (N D ) R are strongly convex polyhedral cones and form 
another complete fan E^. Thus, we get the following picture: there is a natural 
exact sequence of lattices 

0->iV'->7V->7V D ->0 
compatible with the fans £', E and £d, giving rise to toric morphisms 

Let us note that linearly equivalent semiample divisors D produce the same con- 
struction. The complete toric variety Pjy is mapped into an open toric subvariety 
Pyv C Ps given by the subfan £' c £ of all cones that lie in N R . Section 2.1 in 
|F1[ shows that the above sequence of toric morphisms induces a trivial fibration 
over the maximal dimensional torus T^ D := Np (gi C* of Ps D : 

We next show that the above construction is unique in a certain sense. Using 
a standard description of a toric morphism, we can see that the toric subvarieties 
V("f) C Pe of dimension i, such that 7 € £(d— i) and 7 C N R , map birationally onto 
Ps D . As in [Fl, Section], let us restrict the semiample divisor D = J2k=i ak -^ k 



to V(7). Using the linear equivalence, we can assume that the origin is one of 
the vertices of the polytope Ajj. In this case, equation ([!]) implies that = 
for p k C N R (equivalently, ipo = on iVg), whence ^(7) is not contained in 
the support of D. Therefore, we get a Weil divisor D ■ V(j) in the Chow group 
v4i_i(U(7)) representing the Cartier divisor D\y^y Its support function ipD-v{j) 
is represented by ipD which descends to the quotient space (N D ) R — N^/N R . The 
lattice Mb := N' DM is the dual of and the polytope Ad contained in (Md) r 
is exactly the polytope of the Weil divisor D ■ V(j). By construction, the function 
ijjD-v(-y) is strictly convex with respect to the fan £x>. Now the arguments of |mJ 
Section 1] show that £^ is the normal fan of , and the pushforward 7r* (D ■ V(j)) 



is an ample divisor. We also get a commutative diagram (see [ F2 1 ) : 

1 i 

Pic(P s ) * Pic(P s J, 

where the right vertical arrow is injective and the left is the composition Pic(Ps) — * 
Pic(V(7)) — * ^1-1(^(7)) °f the restriction map and the inclusion. Since the sup- 
port function of 7r*(D- V(7)) is induced by ipn, we have the equality 7r*7r* [£>• V(7)] = 
[D] in the Chow group id-i(Ps). 

Now we prove that the conditions on the divisor D deduced in the previous 
paragraph uniquely determine the constructed morphism. Let p : Ps — ► Ps x be 
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a surjective morphism of complete toric varieties arising from a surjective homo- 
morphism of lattices p : N — > Ni which maps the fan E into Si. The kernel of 
p is a sublattice N 2 C N. It is not difficult to see that a cone of E is either ly- 
ing in the space (iV^R or its relative interior has no intersection with this space. 
Hence, the space (N 2 ) R is a support of a complete fan E 2 filled up by those cones 
of E lying in (AT 2 ) R . The toric subvarieties V(j) corresponding to 7 € E(d — k) 
(k := dimPsj), contained in (A^2) R , are the only ones mapping birationally onto 
Paj . Suppose now that we have an i-semiample (torus invariant) divisor D on Ps 
such that p*[D- V{^)\ is ample and p*p*[D-V( r ))} = [D] for someV(j), 7 £ E(d— k), 
which maps birationally onto P^. Then the polytope of the divisor p*{D ■ V(^)) 
has dimension equal to dimPj^. On the other hand, the support function of D is 
induced by the support function of p*(D ■ V(j)), implying that the polytopes of 
these divisors is the same set in MnN^~. Therefore, the dimension of Ps 1 is i, and 
the fan Ei coincides with E^> constructed before. Thus, we proved the following. 

Theorem 1.4. Let [D] € Arf_i(Ps) be an i-semiample divisor class on a complete 
toric variety Ps of dimension d. Then, there exists a unique complete toric variety 
Ps D with a surjective morphism n : Ps — ► Ps D , corresponding to a map of E 
into Ed, such that tt*[D ■ V(7)] is ample and tt*it*[D ■ Vfa)] = [D] for some closed 
toric subvariety V(7) C Ps, 7 € E 7 which maps birationally onto Ps D . Moreover, 
dimPsj, = i, and the fan Ed is the normal fan of for a torus invariant D. 



Remark 1.5. The fan Eu is canonical with respect to the equivalence relation on 
the divisors. Therefore, it will sometimes be convenient for us to use the notation 
E ; 3 := E£> for a semiample divisor class f3 = [D] € Ad-i(Pz,)- 

While a restriction of a semiample divisor D on P^ to a closed toric subvariety is 
again a semiample divisor, the Iitaka dimension of the restricted divisor may change. 
Let us investigate this problem. If D is an i-semiample divisor on Ps, then, by 
the above theorem, we have a unique toric morphism n : Ps — > Ps D , arising 
from a homomorphism n : — ► (Nd) r mapping E into E^. This morphism 
encodes information about the structure of the variety P^. The Iitaka dimension 
of the semiample divisor D ■ V(a) on V(a), a G E, can be determined in the 
following way. The complete toric variety V(a) is mapped onto a closed subvariety 
V(ao) C Ps D such that the cone 00 S E^ is the smallest that contains tt(o-). We 
claim that this induced map tt : V(a) — > V(o~o) is exactly the one associated with 
the semiample divisor D ■ V(a). To prove this we will verify the conditions which 
uniquely determine such a morphism. As in the theorem above, let V( 7 ) be such 
that n*[D ■ V(j)] is ample and 7r*7r*[£) • V(j)] = [D], and let V( 7 ') C V{a) be a 
closed toric subvariety mapping birationally onto V(o~o). By the projection formula 



(see |F2|), we get 

n*[D • V{i)] = 7r.[(7r*7r,[D ■ 7( 7 )]) • V( 7 ')] 

= ir*[D- V(j)] ■ ^[V{i)\ =-k*[D- 7( 7 )] • V(* ) 

in the Chow group of the toric variety V(ao). Since 7r*[D • V( 7 )] is ample, the 
divisor class 7r*[D • V(7')] is ample as well. The other condition for the semiample 
divisor D ■ V(a) also follows: 



n*n,[D • I/( 7 ')] = 7T*[7r»[£> • !/( 7 )] • V(a )] = 7r*7r*[D • V{i)\ ■ V(a) = [D ■ V{a)}, 
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where we used the commutative diagram 



Pic(P E J — Pic(P s 



Pic(V(a )) 



Pic(F(<r)). 



Thus, by the uniqueness part of Theorem 1.4, we get the next result 



Proposition 1.6. Let [D] S Ad-i(Ps) & e an i-semiample divisor class on Ps with 
the associated morphism it : P E — > Pe d arising from a map of the fan E into E£>. 
Then, for ueE, the restriction [D ■ V(<r)] is a k-semiample divisor class on V(a) 
with k — i — dim(cro) = dimy(ao), where ao G Eo is the smallest cone that contains 
the image of a. Moreover, the induced map tt : V{a) — ► V(o~o) is the one associated 
with the semiample divisor class [D ■ V(a)}. 

This proposition says that the maps associated with the semiample divisors are 
compatible with the restrictions. 

Any toric variety P E has a homogeneous coordinate ring S'(E) — C[x\, . . . , x n ] 
with variables x\,...,x n corresponding to the irreducible torus invariant divi- 
sors D\, . . . ,D n . This ring is graded by the Chow group Ad_i(Ps), assigning 
E™=i a iDi] to deg(J|" =1 x^). For a Weil divisor D on P E , there is an isomorphism 
H°(P-s, Op s (£>)) = 5(E) Q , where a = [D] e A d _i(P E ). If D is torus invariant, the 
monomials in 5(E) Q correspond to the lattice points of the associated polyhedron 
Ac 

Now consider a proper birational morphism tt : P El — ► Ps 2 of toric varieties, 
associated with a subdivision Ei of E2. In this situation, the 1-dimensional cones 
of the two fans are related by £2(1) C Ei(l), and there is a natural relation of the 
coordinate rings 5(Ei) = C[xk : pk € Ei(l)] and 5(Ea) = C[yk '■ Pk & E 2 (l)] of the 
toric varieties. For a = [Op El (D)] € -i4d-i(Ps 1 ) we have a commutative diagram: 



H°(P El ,Op Ei (£l)) 



5(E 2 ) T . Q ^J?°(P Sa ,Op E J**D)), 



where the left vertical arrow sends a monomial J] 



a h + (me k ) 



Pfc esi(i) A fc 



in 5(Ei) 



to n Pfc es 2 (i) Uk k+ ^ m efc ^' an< ^ tne right vertical arrow is induced by the natural 
morphism of sheaves 7r*0p Si (D) — ► Op S2 (ir*D). This gives a graded ring homo- 
morphism 71% : 5(Ei) — ► £(£2) which sends to yk, if p/c € E2(l), and sends Xk 
to 1, otherwise. 

We now apply the above to semiample divisors. Let D be a semiample (torus 
invariant) divisor on a complete toric variety P E in degree f3 S ^4d-i(Ps)- ° n a 
complete toric variety Ps, By Theorem |l.4| , we get the associated toric morphism 
tt : Ps — > Ps D such that tt*[D • V(7)] is ample and n*n^[D ■ V(j)] — [D] for some 
closed toric subvariety 1^(7) C P E , 7 € E, which maps birationally onto Ps D . In 
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this situation, there is the following natural diagram: 



H (Px,O Ps (pD)) > F (F( 7 ),Oy (7 )(pD 7 )) ► F°(P Sd , Psd (pir.Dj), 

where (3 = [-D 7 ], D 1 :— D-V(j), in the Chow group of V(j), and the vertical arrows 
are isomorphisms. Since the monomials in S(E) p p and S(T,i>) p7r ^p correspond to 
the lattice points of the same polytope pAp, we get the isomorphisms 

S(E) p/3 £ S(V( 7 )) p - S Spn)^. 

2. TORIC HYPERSURFACES 

Here, we apply the results of the previous section to semiample hypersurfaces 
in a complete toric variety Ps, which have only transversal intersections with the 
torus-orbits. We also review some results about hyp ersurfaces in complete simplicial 
toric varieties. As a reference we use Jm) and [|BCfl . 

A hypersurface A C Ps is called T,-regular (or simply regular) if AnT<j is empty 
or a smooth subvariety of codimension 1 in each torus T CT for a € £. 

By [|y, Proposition 6.8], a generic hypersurface X C Ps of a given semiample 
degree is E-regular. 

Lemma 2.1. Let X be an i- semiample hypersurface in a complete toric variety Ps 
with i > 1. T/ien A is connected, and X is irreducible if X is Yi-regular. 

Proof. The arguments are the same as for Lemma 2.3 in Q. □ 

Remark 2.2. Let us note that a O-semiample hypersurface is always empty be- 
cause its divisor class is trivial. 

Proposition 2.3. Let X be a Y,-regular semiample hypersurface in a complete toric 
variety Ps, and let it : Ps — > Ps x be the associated morphism for [X] G A<i_i(Ps), 
then Y = n(X) is a Yix~regular ample hypersurface, and X = 7r _1 (y). 

Proof. Start with the case of an i-semiample hypersurface with i > 1. From The- 



orem 1.4 we have a closed toric subvariety V{^) C Ps, for 7 G S, which maps 
birationally onto Ps x such that 7r*[A • ^(7)] is ample and 7r*7r»[A ■ ^(7)] = [X]. 
Since A is transversal to the orbits of Ps, the divisor class of the hypersurface 



A n 7(7) in 1/(7) is exactly [A • V (-/)}. Proposition |L6| implies that [A ■ V(j)} 
is an i-semiample divisor class in Ai-i(V(~f)). The value i is the maximum for 
the possible Iitaka dimensions of semiample divisors on the toric variety V(j). 



Applying Remark L3 of the previous section and Proposition 2.4 in Q, we get 



that 7r(A n ^(7)) is a S^-regular ample hypersurface. On the other hand, by 
Lemma [2.l| , the hypersurface A is irreducible. Therefore, its image Y = tt(X) is 
also irreducible. Since dim7r(A) < i and ir(X n V(-f)) C 7r(A), the hypersurface 
7r(A) coincides with 7r(A n ^(7)). The hypersurface Y is ample regular and does 
not intersect the O-dimensional orbits. Together with the facts that A and 7r(A) 
are irreducible this implies the property X = tt^ 1 (Y). 

The case of a 1-semiample hypersurface is special because such a hypersurface 
is not necessarily connected. In this situation, we have a closed toric subvariety 
V(j) C Ps, for 7 £ S, which maps isomorphically onto Ps x = P 1 such that 
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7r*[A ■ V(7)] is ample and 7r*7r»[X • V(7)] = [X]. It follows from Proposition 1.6 
and Remark [2.2| that the image Y — tc(X) is contained in the 1-dimensional torus 
of Ps x = P 1 . The preimage 7r _1 (Y) of this finite set can be easily seen from 
the description of the toric morphism ir in Section [l]. This morphism is a trivial 
fibration over the 1-dimensional torus of Ps x , and each point of tt(X) gives exactly 
one irreducible component of n (Y) which is actually a complete toric variety. 

On the other hand, each point of it(X) came from an irreducible component of 
X C % (Y). Hence, X = n (Y). This gives an isomorphism tt : X n V(pf) = 
n(X). Thus, tt(X) is a Sx-regular ample hypersurface. □ 



Remark 2.4. If, in addition, we assume in this proposition that X is an anticanon- 
ical hypersurface in P^, then X is big and Ps x is a Fano toric var iety associated 
to a reflexive polytope, and this corresponds to the construction in [B2 . 



Let Y be an ample regular hypersurface in a complete toric variety Pj> A 
hypersurface in the torus T C Pe isomorphic to the affine hypersurface Y D T in 
T is called nondegenerate. Cohomology of such hypersurfaces has been studied in 
|DKj and §32]. 



Lemma 2.5. [DK] Let Z be a nondegenerate affine hypersurface in the torus T, 
then the natural map H l (T) — > H l (Z), induced by the inclusion, is an isomorphism 
of Hodge structures for i < dim T — 1 and an injection for i — dim T — 1 . 



Using the standard description of a toric morphism, from Proposition 2.3 we 
get a stratification of an i-semiample regular hypersurface X C Ps in terms of 
nondegenerate affine hypersurfaces: 



X n — (i(i)nT J0 ) x (c*) ; 



(2) 



where tt : Ps — *■ Ps x is the associated morphism, I = d — i + dimcro — dima, 
d = dimPs, and Co S is the smallest cone containing the image of a G X. 

From here on, we assume that P := Ps denotes a complete simplicial toric vari- 
ety. In this case, [BC] shows that homogeneous polynomials in S := S(S) determine 
hypersurfaces in P. In terms of the coordinate ring S, a regular hypersurface in P 
defined by a homogeneous polynomial / £ Sp is characterized by the condition that 
x\{df /dx\), . . . , x n {df /dx n ) do not vanish simultaneously on P (see [C2, Proposi- 
tion 5.3]). A more general class of hypersurfaces in P called quasismooth is defined 
by a similar condition that df /dx\, . . . , df/dx n do not vanish simultaneously on 
P (see [pC|). 

We also like to mention the following fact. 

Proposition 2.6. An anticanonical quasismooth hypersurface X in a Gorenstein 
complete simplicial toric variety P is Calabi-Yau. 



Proof. A quasismooth hypersurface is an orbifold (see [BC]), and for a (d — 1)- 
dimcnsional orbifold X Calabi-Yau means that Q^ 1 ~ Ox and H l (X,O x ) = 
for i — I, ... ,d — 2 (see CK, A.2]). The arguments of the proof that anti- 
canonical implies Calabi-Yau are the same as in |C3|: use the adjunction formula 



-> 



Qp(X) <g> O x , the isomorphism P (-X) ~ 



Op(-X) ->0 P ^O x 



0. 



and the exact sequence 
□ 
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Definition 2.7. [BC| Fix an integer basis mi,...,md for the lattice M. Then 
given subset I = . . . , id} C {1, . . . , n}, denote det(ej) = det((mj, ei k )i<j,k<d), 
dxj = dxi 1 A • • ■ A dxi d and xj = Ylidi x i- Define the d-form Q by the formula 

O = det(e/)i/da;/, 

\I\=d 

where the sum is over all d element subsets I C {1, . . . , n}. 

Let X C P be a quasismooth (not necessarily Cartier) hypersurface defined by 
/ € Sp. For A e S( a +i)p-{) (here, /?o = Y^7=i degfar^)), consider a rational d-form 

lu a := An/f a+1 e H°(P, fl£((a + 1)X)). 

This form gives a class in H d (P \ X), and by the residue map 

Res : H d (P \ X) ^ H d -\X) 

we get Res(w A ) G H^^X). 

Remark 2.8. The residue map and the residues of rational differential forms with 
poles along a regular hypersurface are well defined even if the toric variety is not 



simplicial (see the proof of Theorem 3.7 in [DK] and Remark 6.4 in |B2|) 



Definition 2.9. [BC| Given / S Sp, we have the Jacobian ideal </(/) in S gener- 
ated by the partial derivatives df/dxi, . . . , df/dx n , the ideal 

Mf) = {xiidf/dxi), . . . ,x n (df/dx n )} 



and the ideal quotient (see ]CLO , p. 193]) Ji(/) = Jo{f) ■ x± ■ ■■ x n . These give the 



Jacobian ring R(f) = S/J(f), R (f) = S/J {f) and Ri(f) = S/Ji(/) graded by 
the Chow group Ad-i(P). 

In Q we have shown that the induced maps 

Res^f- 1 -™ : R(f) {q+1) p_p -> iT^O^ 1 " 9 ) 

(sending A to the Hodge component Res(uiA) d ~ 1 ~ q ' q ) for a quasismooth hypersur- 
face X C P and, respectively, 

Res^.)"- 1 - 9 ' 9 : Ri{f) {q+1) p-p -> ^(X.O^ 1 - 9 ) 

for a big and nef regular hypersurface are well defined. There we also studied the 
relationship between the multiplicative structure on R(f) (resp., Ri(f)) and the 
cup product on the middle cohomology of a quasismooth (resp., big and nef regular) 
hypersurface in P. From Theorem 4.4 Q we have the following description of the 
middle cohomology of big and nef regular hypersurfaces X GP^: 

^(I)Sfl 1 (/) w .4(^ 1 ^-H«-i( XnA )\ ( 3 ) 

where tpn are the Gysin maps for ipi : Xf]Di °-> X. In the case, when the dimension 
of the ambient space is 4 we have (see Q Theorem 5.2]): 

Theorem 2.10. Let X C Ps, dimPs = A, be a big and nef regular hypersurface 
defined by f S Sp. Then there is a natural isomorphism 

H 3 -^(X) = R 1 (f) {q+1) p^ ^f (Ri(U)^-ps) n ^), 
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where n{a) is the number of cones pi such that pi c a and pi ^ £x(l), o,nd where f a 
is the polynomial of degree (3 a , defining the ample hyper surf ace 7r(A)nV (a) C V{o~) 
(here, it : Ps — > Ps x is the associated morphism) , and (3q is the degree of the 
anticanonical divisor on the 2-dimensional toric variety V(a). 

3. Polynomial part of the chiral ring 

Here we show that for a quasismooth hypersurface X of degree (3 there is a ho- 
momorphism between R(f)*p and the chiral ring H*(X, A*Tx). We will also show 
that Ri(f)*f) is a subring of the chiral ring for a semiample anticanonical regular 
hypersurface X C P (which is Calabi-Yau). This subring may be called "poly- 
nomial" because its graded piece in H 1 (X,Tx) should correspond to polynomial 



infinitesimal deformations of X performed in the toric variety P (see [CK|). 

Let n x be the sheaf of Zariski p-forms on an orbifold X (see Appendix A. 3 in 

|CKll ). We can also define A P T X := (O^)* = Hom 0x (n p Xl O x ) for an orbifold X. 
We call this the (Zariski) p-th exterior power of the tangent sheaf of X. For p = 1 
this sheaf is isomorphic to the usual tangent sheaf 6x, by Proposition A. 4.1 in 
|CK[| . When X is smooth, f\ p Tx coincides with the standard exterior power sheaf. 
Moreover, if j : X a C X is the inclus ion o f the smooth locus of A, then the argument 
in the proof of Proposition 3.10 in |Od| shows that j*(/\ p Qx ) = A p 73f. One can 
use the same argument to prove il x ~ (A p Tx)* and that Sl p x is isomorphic to the 
dual (f\ p <dx)* of the usual p-th exterior power of 6a-, whence A P T X ~ (A P ©x)**- 
In particular, we also have the natural maps of sheaves A p Tx <8> A q Tx — > l\ p+q Tx 
and APT X ® Q q x -> n q x p . 

Let X C P be a quasismooth hypersurface defined by / € Sp, which is an 
orbifold as we know from JBC|] . By definition of quasismooth, we get an open cover 
U = {Ui}f =1 of P, where Ui — {x € P : fi{x) ^ 0} and fi denotes the partial 
derivative df/dxi. 

Definition 3.1. Denote 9i ...i p = 57-^' ' ' ^aT - for an ordered subset {io, . . . ,i p } 
in {1, . . . , n}. Then given A S S p p, set 

'{-iy 2 /*A{d l0 ... tp AfY 



{lA)i ...i p = 



fio fi t 



where ( , ) denotes the contraction (the extra factor of (— l) p / 2 which is \f—l for 
odd p is added to make convenient commutative diagrams later) . 

This defines a Cech cocycle, giving its class in H p (U\x,A p Tx). Indeed, {"fA)i ...i p 
is homogeneous of degree and is a cochain in C p (U\x 1 A p Tx) by the exact sequence 

-> A p T Xo -> i* A p T Po ^4 A p - 1 T Xo ® 0a o (A) 

(where i : X C P is the inclusion, P Q is the smooth locus of P such that X Q — P (~lA 
(see [|li|, §4, p. 55])), and because of ((dj ...j p ,d/),d/) = since df A df = 0. On 
the other hand, it is straightforward to verify that 

p 



r (-up / 2 a 1 

too..,, = {y^E(-D j 4a. .....} 

vanishes under the Cech coboundary map C P {U\ X ,A P T X ) -> C P+1 (U\ X , A P T X ). 
One can actually show that (jA)i —i p is a coboundary in C p (U\x, i* A p Tp). 
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For A S Sp/3 let ja € H P (X,A P T X ) be the image of the Cech cocycle {^A)i Q ...i p 
under the natural map H P (U\ X , A P T X ) -> iT p (X, A P T X ). And we get a well defined 
map 7_ : R(f)*p — * H*(X, A*Tx) because of the following statement. 

Lemma 3.2. If A £ J(f) p p, then the cocycle {jA)i ...i * s a Cech coboundary in 
CP(U\ X ,APT X ). 

Proof. If A £ J( f) p f3, then we can assume that A is a multiple of one of the partial 
derivatives fk = df/dxk- We have 

IB ■ df) p fkd. - . p (d k ,df)d. ~ . 

h-r—f— = IJ-^-f — r — T = } f — T — T 

Jl ° Ji P j=0 Jio" ' Jij ' ' ' Jip j=0 JiQ ' " Jij " ' Jip 

p d k A(d P ,d/) p .(a P ,d/) 

j=0 fio ' ' ' fij ' ' ' fip j=0 Jio ' ' ' fij ' ' ' fip 

where the second sum after the second equality is identically zero. Hence, it follows 
that (7,4)10. ,.i p is m the image of the Cech coboundary map C p ~ 1 (U\x, A p Tx ) — > 
CP{U\ x ,A p T x ). □ 

We now study the compatibility of the multiplication in the Jacobian ring R(f) 
and the cohomology ring H*(X, A*T X )- The cocycle (7a)j — i P ( U P to an extra 
factor) and the calculations in the next two theorems are essentially due to D. Cox 
and D. Morrison. 

Theorem 3.3. Let X C P be a quasismooth hypersurface defined by f £ Sp. The 
map R(f)*/3 — > H*(X, A*T~x), assigning "/a to a polynomial A, is a ring homomor- 
phism. 

Proof. We need to show that 7^ U 75 = jab for A £ S p p and B £ S q p. Similar to 
|CaG , page 63], the cup product ja U 7s is represented by the Cech cocycle 

, pq { (-l)^ 2 A(d io ... ip ,df) A (-lf/ZB{d lp ... lp+q ,d f) ' 

fio ' ' ' fip+q ' fip 



lO—lp+q 

p p+q 

~l) l -Pf„d. - . 

%\ — Zp-j-q 



(-1) 
Note that 

(o io .., p ,df) a (d ip ... ip+q ,df) = ^- l ) j m .s j ... ip a E(- l )'" p /i,\ 

j=0 l=p 
p+q 

where we used d; Ad; =0. Hence the result follows. □ 

The middle cohomology of a quasismooth hypersurface X C P is a module over 
H*(X, A*Tx) with respect to the natural cup product 

H p (X, A p T x ) <8> H q (X, n d x 1 - q ) H p+q {X, Q^-P" 1 ). 

From the previous section we know that there is a natural map 

Reaiwy- 1 -™ : R(f\ q+1)f} _ 0o - H 9 (X, Q. x ~ 1 ~ q ). 

We normalize this map as [u>a] = ( — l) q ' 2 q\Rje8(u)A) d ~ 1 ~ q,q (where we assume 
(— l) q / 2 = (^/~A) q ) to show that this gives a morphism of modules i?(/)(* + x)/3-A) — * 
H*(X, ^x 1 '*)- 
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Theorem 3.4. Let X C P be a quasismooth hypersurface defined by f g Sp. Then 
the diagram 

R{f)pl3 ® R(f)(q+l)l3-f3 * R{f)(p+q+l)l3-0o 

7-<S>["-] 

commutes, where the top arrow is induced by the multiplication. When X C P is a 
d-semiample regular hypersurface the same diagram commutes with R\{f)^ + i)p-p 
in place of i?(/)(*+i) / 3-/3 - 

Proof. From Theorem 3.3 in jv§ we know that [lj b ] = (-l)^ 2 qlRes(u> B ) d ~ 1 ~ qtq , 
for B G S(g +1 ) | g_ / g a , is represented by the Cech cocycle 

( _ 1) rf-i+w ? +2)/2)| ^---^o» j e 5«( W | x ,n^-i-«), 

I 7io " ' Jig J i ... iq 

where Ki is the contraction operator (d/dxj)j. Therefore, for A € S p ^ the cup 
product 7 a U [ufl] is represented by the Cech cocycle 

(-i)f 2 /U(a i0 ... ip) d/) (-l) d -i+M*+QMBK ip+q - --K ip n \ 

J i ...i p+q 



fio ' ' ' fip fip ' ' ' fip+q 

But note that 



(d i0 ... ip ,df)jK ip+q ■ ■■k, v. = D-^Mo.^.v^ • - ^ - 

3=0 

= (-iyfiAo-i P -^K ip+q ■ ■ ■ K t n = {-iy+py ipKip+q ■ ■ ■ K io n. 

Since (-l)P 2 / 2 ■ (-l)9(9+2)/2 . (_ 1 )P+ P g = (_ 1 )(p+9)(p+<?+2)/2 we obtain JA y ^ = 
[wytfl], whence the diagram commutes. □ 

For an anticanonical quasismooth hypersurface X in a Gorenstein toric variety 



P (by Proposition [2.6|, X is Calabi-Yau) the situation is especially nice. In this 
case the natural product A p Tx <8> — * flx~ l p induced by the contraction is an 



isomorphism since ft x 1 ~ Ox and Vt x 1 p ~ Homo x (&x> 1 ) ( see ["K, A. 3]), 



so that the cup product with corresponding to 1 € So (/3 = /3 because of 
anticanonical) gives 

u [ Wl ] : a p t x ) s i/f (x, n^ 1 -"). (5) 

For regular hypersurfaces this implies: 

Theorem 3.5. Let X C P be a semiample anticanonical regular hypersurface de- 
fined by f € S/j. TTiera ifte map 7_ : Ri(f)*p — > H* (X, A*Tx) is an injective ring 
homomorphism. 



Proof. The map is a well defined ring homomorphism by Theorems 3.3, 3.4 and 
(||), while the injectivity follows from Theorem 4.4 in Q. □ 

Later we will need to use the following result. 
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Lemma 3.6. Let j : L — > K be a morphism of orbifolds, and let a S H P (K, f\ q l~K) 
be such that j*a = rfa for some a under the maps 

H P {K, A q T K ) H p (L,j* A" T K ) X- H P (L, A q T L ). 
Then j*(a U 6) = a U j*b for b E H r (K, fl s K ). 

Proof. The map j* decomposes as H*(K,Q* K ) H*(L,j*Q* K ) H*(L,Q* L ). 
Therefore, 

j*(a U b) = f]*j*(a U b) = r/*(j*a U j*b) = r)*{rfa U j*b) = aU f]*j*b = aU j*b, 
where we use the projection formula. □ 

4. Non-polynomial part of the chiral ring 

This section studies the non-polynomial part of the chiral ring which is com- 
plementary to the polynomial part. We will construct new cocycles representing 
elements in H* (X, A*Tx) for a big and nef quasismooth hypersurface X C Ps. In 
Section ^we will see that these elements with Ri(f)p span H 1 (X,Tx) for a semi- 
ample anticanonical regular hypersurface X C Ps (dimPs =/= 1,3). This means 
that we have found all cocycles corresponding to non-polynomial infinitesimal de- 
formations for a minimal Calabi-Yau X (see JCK| ). 

Let X be a d-semiample quasismooth hypersurface, defined by / £ Sp, i n a 



complete simplicial toric variety Pj; of dimension d. Then, from Proposition 2.3 
we get the associated toric morphism 7r : Pj; — > Ps x • Take a 2-dimensional cone 
er € Yjx with at least one 1-dimensional cone pt C a such that pi ^ Using 
such a cone a we can form a new cover of the toric variety Ps by the open sets 



U a > = Ix e Ps : Xk * 



PkCcr\cr' 

for all 2-dimensional cones a' G £ that lie in a. Let us fix one order for this open 
cover corresponding to as the cones lie inside a: 





Ph 


^1 


Ph 




Ph ° 




-Ph-l 




-Pl k 




-Ph+l 








«„(„)+! 



(6) 

where n(a) is the number of cones pi such that pi C a and pi (ji Sx(l). 

Now we take a refinement U^ a —UiC\U a - of this open cover and the open cover 
U = {UiYi = i from the previous section. Denote the refined cover W 7 , considering 
the order on this cover as the lexicographic order for the pairs of indices 

Definition 4.1. Given p. t C a G £v(2) such that pi ^ £^(1), then, as in (||), 
i — Ik for some k, and we set 

= ^- A i 9 i = _ g^A^ and 9 i = fo ^ k k 

k mult(cr fe ) mult((T fc+1 ) J 
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For A e Sp* (here, ft := J2 PkC a de &( x k)), define 
f i. _\ A { {d^Ad^df) (ft Ac>;,d/) \ 

U W I *\ /l1 /i0 / ' (<0J0),(<1A) 

Lemma 4.2. In i/ie definition, (73i)(i ,jo)i(<i,3i) * s a C' ec ' 1 cocycle in C l (U' J \x,Tx) 



Proof. By the arguments after Definition 3.1, (7i.)(io Jo),(n,ji) ^ s a cocycle class in 



H 1 (U a \x,Tx). The only thing that we need to check in addition is that it is well 
defined on the given cover, which follows easily from the following two observations. 
Let X be equivalent to a torus invariant divisor D = Ylk=i a kDk with the associated 
poly tope Ad and the support function ipjj. Since ipu is linear on tr and determines 
dfc, a monomial Ilfc=i x£. k+ ek ^ (in xufu) with m € Ad is divisible by xu implies 
that at + (m,ek) > for all pk C a such that ^ Ejc(I)- In particular, such a 
monomial is divisible by On the other hand, we have an identity on Ps: 

Xh-Ak-i | Xi k+ Ak+i = mult(g fc ^ ^ 

mult(cr fc ) mult(CT fe+ i) mult((Tfc)mult((Tfe + i) h h ' 

where o~k and cxfc+i are the two cones contained in a and containing pi (the identity 
corresponds to an Euler vector field (see [|BC| , Remark 3.10]) coming from the rela- 
tion of the cone generators mult(crfe_|_i)e/ lt _ 1 + mult(cr/.)e; fe+1 = mult (erfc + ak+i)ei k 
(see fD|, Section 8.2])). □ 



Remark 4.3. Finding the above cocycle is far from obvious, but Propositions 6.3, 
3.4, |6.6| with Theorem 4.11 and equation (|^) show how this comes up in the case 
of Calabi-Yau threefolds from the description of the middle cohomology in Thco- 
pT0| 



rem 



Next we generalize the cocycles from Definition 4.1 



Definition 4.4. Let p, C a e Ex (2) be such that p t £ Ex(l)- Given A e 
S(p-i)0+0-[, ft = T, PkC a de S( x k), and an index set I = {(i , j ), . . . , (i p , j p )}, 
define 

fc i\(p-i) 2 /2 4 (ft ■ Aft ,d/)l 

{ lUc^ I=I\{(i k ,3k)} ha J 7 

where the sum is over the ordered sets 

J = {(io, jo), • •• , (ip-i,3p-i)} = {(k,jo), • •• , (ifc)ifc)) • • • , (Wz>)}- 

Similar to the proof of Lemma [T^, this also determines a cocycle class in 
H p {U a \x,A p T x ). Denoting its image in HP(X,A P T X ) by 7^, we get a map 

7!:S (P _ 1)W ^H p (X,A p T x ), 

when pi \ {0} lies in the relative interior of a 2-dimensional cone a € Ex- 

Lemma 4.5. If A £ (J(f), Xi)(p-i-)p + pe and p > 1 orie {xi)p*, ^ e71 7a = 0. 
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Proof. If A is divisible by Xj, then (7^)/ is clearly a Cecil coboundary, by Defini- 
tion 4.4. Assume p > 1 and A £ '/(/)(p-D/3+/ 3; 7 is a multiple of one of the partial 



derivatives f s . Similar to the proof of Lemma 3.2, we have 



f 8 {c\ a ■ Adi ,df) p^} {d, <> -. A d~ df) 

x io...»p-i Jp _ 1 ■> 1 _ V^j- at ...t|...tp_i 3p-i 

(Up k c<7 X k)fl ---h P - 1 l=0 (U PkC a X k)fi ---fl l ---ft P -i 

(9 5 s AS! ,d/) 

^ j 11,. •••/ 2 

(the sum is over the ordered sets I = {(io,jo), • ■ ■ , J;), • • ■ , (ip-i, Jp-i)}) modulo 
well defined expressions on the open set C/j H - • -nt/j _ , because (d~ , d/) 

°' JO p ' Jp-1 Jp-1 

is divisible by Xj and because of equation (Q) . On the other hand, there is an identity 

E (-!) fe E 7 — = ' 

since the square of a coboundary map is zero. This shows that (7^)7 is a Cech 
coboundary for A £ </(/)■ □ 

Definition 4.6. Given / £ Sp, let J l {f) be the ideal in S generated by the Jaco- 
bian ideal J(f) and Xj. Then we get the quotient ring = S/J l (f) graded by 

the Chow group Ad-i(Ps). 

Lemma [4.5| shows that there are well defined maps 7' : — > 
HP(X,A p T x ), for p > 1, and 7* : (S/{xi))^ -► ^{X^Tx). Note, however, that 
a monomial n^szv ^ IlLi x [ p " 1)Q ' + <m ' e ' > in (x A )( p _i) J g +(9 B (with ,o fc C cr) corre- 
sponds to m £ M satisfying the inequalities (p — l)a; + (m,e;) > —1 for p/ C cr, 
/ 7^ fc, and (p — l)ak + (m,ek) > 0. Since the support function, corresponding to 
f3 = Oi^Mi is linear on cr and determines a^, it follows from a relation of the 

cone generators that (p— l)a,; + (to, e$) > and, consequently, the above monomial 
is divisible by X4, for all pi C cr such that pi £ Therefore, for all such p; the 

ideal J l (f) is the same as 

J a U) ■= (J(f),x k :p k Ca) 
in the degree (p - l)/5 + /3f . Hence, we define R a (f) = S/J a (f). 



The cocycle (7^)7 in Definition 4.4 came from the proof of the following theorem. 

Theorem 4.7. Let X C Ps be a d-semiample quasismooth hypersurface defined 
by f £ Sp. Then, for q > 1, the diagram 

7-®7* 

HP{X,APT X )® H q {X,A q T x ) HP+i(X,AP +q T x ) 

commutes, where /3f = J^pfcCo- <ieg(xfc) anc ^ ^ e a- rrow is induced by the multi- 
plication. For q = 1 the diagram commutes with (S/(xi))^ in place of i? CT (/) ( g^ . 
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Proof. For simplicity, we just show that if A £ S p p and B £ Sp* , then j A (J -f l B = 
Iab (the general case is similar though more complicated to write out). For such 
A and B the cup product U 7^ is represented by the Cech cocycle 

( ( (-lf' 2 AB{d lQ ... lp Af) A f (d* P+1 Adl +1 ,df) (d tp Adl,df) ' 

^ ripfcCu Xk fio"'fip V fip+i lip 

where / = {(i ,jo), ■ • • , (i p +i, j p +i)}. Compute 

<^ .., p ,d/) A A^ +l ,d.f) = E(-l) fe /i,(^ ..,-.., p A (9 4p+1 A^ p+1 ,d/> 

fc=0 

+(-m.x..v d '> A ^<^ = (- 1 ^ 

where the sum of the second terms in the first equality is identically equal to zero. 
On the other hand, similar to (4), 

(d i0 ... ip ,df) A (d lp A d) p Af) = fi P (d i0 ...i P A dl,df). 
Hence, the result follows easily. □ 

We next show when the cup product of two cocycles (7^)7 and (7^)7 vanishes. 

Lemma 4.8. The cup product 7* U 7^ =0 if pi,Pj Cue Ex (2), i 7^ j, do not 
span a 2- dimensional cone o/E. 

Proof. For simplicity, we assume that j A and j J B are from H 1 (X, Tx ) • 
The cup product j A U j J B is represented by the Cech cocycle 



AB uL,„\ /< ij2 «i ltil 



1 1 / 1 / 11 11 \ 1 1 ' ■ r 

I (ripfcCcr x k) 2 \ fii fio ) V fii fii 

where uf kJk denotes (d ik Ad? k ,df) for s e {i, j}, and I = {(i ,jo), (h,ji), 

Note that w-, Az4 „■ = because either d), or vanishes since the corresponding 

cone o-j 1 C fx can not contain both pi and pj , by the given condition. On the other 

hand, 

AB(d l0 Adl,df)A(d n Ad^df) 

is well defined on the open set f/, n J7 CTio n C/^ n U aji , again because of the given 
condition. Hence, the above cocycle vanishes in the cohomology, being the image 
of 

I (U Pk Ca X k) 2 fro ■ fii J (jo j ) l(<lljl) 

under the Cech coboundary map C 1 {U a \ x , A 2 T X ) -> <? 2 (^ CT U, A 2 ^). □ 



We created the cocycles (7^)7, now we define the corresponding elements in the 
middle cohomology H d ^ 1 (X) of a d-semiample quasismooth hypersurface X. 



18 



ANVAR R. MAVLYUTOV 



Definition 4.9. Let p t C a E Sx(2) be such that p l ^ £x(l)- Given A e 
S p/ 3-f3 0+ {3° (where O = J2k=i de s( x k), Pi = J2 Pk ca deg(£ fe )) and an index set 
I = {(io, jo), (i P ,3p)}, define 



(-i) d+((p - 1)2/2) ^ ^ ( 1)fc %-r--^ (^^) | ^ 

where the sum is over the ordered sets 

I = {(iojo), (i P -i,j P -i)} = {(k,jo), (ikJk), (Wz>)}- 

This determines a Cech cocycle class in H p {U a \x, wn ose image in 

HP{X,n d x 1 ' p ) is denoted by uj\. 

Lemma 4.10. If A e J l (f) p p-f3 0+ p° , then uj l A = 0. 

Proof. If A is divisible by X4, then, by Definition |4.9| , (oj\)i is a Cech coboundary. 
Assume that A £ J(f) is a multiple of one of the partial derivatives f s . 

First, consider the case p = 1. If p s C er and s ^ i, then, by the argument after 
Definition 4.1, f s is divisible by Xi, implying (lo\)i is a Cech coboundary. The case 
fs = fi is impossible, because of S^-p^pa = (fr :— deg(xi)), following from the 
completeness of the fan E. The same is true if p s <f_ a and dimPs > 2. Notice 

f s K lo {dl o ^) K s K lo d^{dfAQ) {d^df)K s K,n K^n) 



(n PkCcr X k)fi (IlpfeCa- X k)fi (T\ Pk C<7 X k)fi (Y\p k Ccr Xk ) 

Also, note that if dimPs = 2 and p s (f. er, then K s (d~. jfi) is a multiple of Xi, by 
the definition of the form fi. Since d/ A £1 = modulo multiples of /, by equation 
(3) in Q, and since (d\ ,df) is divisible by it follows that (w^)j is a Cech 
coboundary in this case. 

The case left is p > 1. We have 

if- • • • K- 4 (di jfi) i^JQ • • • K- di Jdf A fi) 

j 'p-i ° jo y _ / ^P+l 'p- 1 Jo 7 

(IlpfcCcr ^fcj/io ' ' ' 4-1 (IlpfcCcr x k)f~i • • • fi p _ t 

(di. ,df)K s K-, ■■■K- i Q pz} K S K~: ■■■K^---K- i (d\ jfi) 

_l_ (- ^yp v jo 7 "p- 1 10 -^p+z "p- 1 t; ° jo ; 

(Up k Ca X k)fl ---f~ lp _ 1 l=Q (Hp h c* X k)fi ---fi l ---fi I ,_ 1 

K S K~- ■■■K-- (81 jfi) 

-f=A{(ii,Jl)} ° 



(the sum is over the ordered sets I = {(io,jo), ■ ■ ■ , (il, jl), ■ ■ ■ , (V-i> jp-i)}) modulo 
well defined expressions on the open set C/j PI • • • PI U~ ; PI X. because 

df A fi = modulo multiples of /, (d~. ,df) is divisible by Xi and because of 
equation (|7]). And, we also have an identity 

K S K~ - K- (dt jfi) 

J2 E — 7.., " 30 =0, 

i=A{(**J*)} !=A{ft.ii)} 
since the square of a coboundary map is zero. Hence, (7^)/ is a Cech coboundary 

ifAeJ(/). □ 
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The last lemma shows that there is a well defined map 

Since pfi is d-semiample, multiplying a monomial in (fffc) P/ a — po+ py (for p^ C a) by 
Hp, (^o- 2-! an( i a PPly m g the argument in the proof of Lemma |4.2| , we get a monomial 
divisible by all Xi corresponding to pi C a such that pi £ Ex(l)- Therefore, for all 
such pi the ideal J l (f) is the same as J a (f) in the degree p/3 — (3 + /3f . 
The cocycle came from the proof of the following result. 

Theorem 4.11. Let X C Ps &e a d-semiample quasismooth hypersurface defined 
by f £ Sp. Then, for p > 1, the diagram 

R a (f)(p-l)P+0f ® R(f)(q+l)/3-f3 * -R Cr (/)(p+< ? )/3-/3 +/3- 

commutes, where the top arrow is the multiplication (for p = 1 £/ie diagram com- 
mutes with (S/(xi))/3f in place of R a (f)^ ). 



Proof. For simplicity, we only show that 7^ U [ojb] 



to 



AB 



for A g Sp° and i? S 



S(q+i)0-p o ( as m the proof of Theorem 4.7, the general case is similar, but more 
complicated to write out). Similar to the proof of Theorem 3.4, the cup product 
7^ U [ujb] is represented by the Cech cocycle 



(_l)d-i+(?( g +2)/2) AB /(^Ac^d/) (0 io A0j o ,d/)\ K 



where / is the index set {(£o>io)> • • ■ 
Compute 

•(9 n A^,d/) (a l0 A^ ,d/) 



/to 



*■»<,+ ! 



/ii ' ' ' /i, 



(iq+i, jg+i)}, corresponding to the cover U a \x- 



fn 



fit 



K iq+1 ---K Zl n 



fil ' ' ' ft 



/ii ' ' ' fi 



lq + 1 



/il ' ' ' fi 
.(d^df)^ 



fio fi, 



Also, notice 



K> 



K lo d^(df a n) = (di,df)K lq+1 ■ .-K io n 
9+1 



f i0 K ig+1 ■ • - (diM) + ^(-l) fe -7, fc ^ +1 • • • K ih ■ ■ ■ K n K t0 (di M). 



k=l 



Since d/Af2 = modulo multiples of /, as in Lemma 4.10, we can see that 7^U [ujb] 
is actually represented by the Cech cocycle 

T=I\{(ik,j k )} 



(-l)d+(q 2 mAB 



where the sum is over the ordered sets 

I = {(k Jo), ■ ■ ■ , (iqjq)} = {(ioJo) 



fin fir, * 



, (ik,jk), ■ ■ ■ , (iq+l,jq+l)}- 



20 



ANVAR R. MAVLYUTOV 



□ 



The next result (a proof of which is similar to the above) shows that the map 
the ring homomorphism R(f)*p — > H*(X, A*T X ). 



H*(X,Q X 1 *) is a morphism of modules with respect to 



Theorem 4.12. Lei X C Ps 6e a d-semiample quasismooth hypersurface defined 
by f G Sp. Then the diagram 



7_<g>w_ 



HP(X, APT X ) <g> Hi(X, n$" 1_ «) 



-R' T (/)(p+ 9 )/3-/3o+/3? 



commutes, where the top arrow is induced by the multiplication. 



Similar to Lemma |4.8| , we also get when the cup product of two cocycles ( , y\)i 
and vanishes. 

Lemma 4.13. The cup product 7* U cj j _ ' — if Pi,Pj Cue S^(2). i ^= j, do not 
span a 2-dimensional cone o/E. 



5. TORIC AND RESIDUE PARTS OF COHOMOLOGY 

In this section we describe the toric part of cohomology of a semiample regular 
hypersurface in a complete simplicial toric variety Ps- This part is the image of 
cohomology of the ambient space induced by the inclusion of the hypersurface. In 
this case, we also show that cohomology has a natural decomposition into a direct 
sum of the toric part and the residue part which comes from the residues of rational 
differential forms with poles along the hyp ersu rface. 

Since Ps is simplicial, we know from |F1] that the cohomology ring H* (Ps) 
(with complex coefficients) is isomorphic to 

C[D 1> ...,£> B ]/(P(£) + SJ2(£)), 

where the generators correspond to the torus invariant divisors of Ps, and where 

/ ™ 

P(S) = (y2(m,e l )D l :meM 

SR(E) = (D tl ■ ■ ■ D ik : {e u , . . . , e lk } £ <y for all a e E) 

(5i?(E) is the Stanley- Reisner ideal of £). The toric part H£ oric (X) of cohomology 
of a hypersurface X in Ps is defined as the image of the restriction map i* : 
F*(Ps) — * H*(X) induced by the inclusion i:IcPx. 

Theorem 5.1. Let X be a semiample regular hypersurface in a complete simplicial 
toric variety Ps . Then 

H* tmic {X) = H*{Vv)/Ann{[X]) = C[D U . . .,D n ]/I, 

where Ann([X}) is the annihilator of the class [X] G H 2 (Ps), and where I = 
(-P(S) + SR(S)) : [X] is the ideal quotient. 
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Proof. We need to show that ker(i* : if*(P E ) — > coincides with ker(U[X] : 

if*(P s ) -> ff* +2 (P s )). Since U[X] = id* (where i\ is the Gysin map), this is 
equivalent to ker(ii) n im(i*) = in H P (X) for all p. Using an induction on the 
dimension of the hypersurface, we will show a stronger statement: 

H P (X) = im(i*) © ker(ii) for all p. (8) 

If dim Jf = 0, then P s = P 1 . In this case, the composition iJ^P 1 ) H°(X) A 
iJ 2 (P 1 ) is clearly an isomorphism, and (||) follows. 

Let dimX = d - 1 > 0. For all odd p, H P (X) = ker(ii) and equation (§) holds 
because iJ odd (Ps) vanishes. So we can assume that p is even. 

We show first that H P (X) = im(i*) + ker(ii). The Gysin spectral sequence (see 
|m| , Section 4]) gives an exact sequence 

® n k=1 H p - 2 {X n D k ) -> H P (X) -» Gr^H p {X n T) -> 0. 



Also, by the Gysin exact sequence (see [DK, Theorem 3.7]), we get 



0-> H P+1 (P S \X) ^ H P (X) Aff p+2 (P E ) (9) 

for even p. Hence, Kes(H p+1 (P E \ X)) = ker(ii). We claim that the composition 

H p+1 {Pj:\X)^H p (X)-^Gr^H p {XnT) (10) 

is a surjective map for p > 0. If [X] is an z-semiample divisor class, then we 
get the associated morphism tt : Ps — > P g Y , and the ample regular hypersurface 
Y = n(X) in Ps x , by Proposition |2.3[ The statement is trivial for p ^ i — 1 
because, in this case, 

Gr^FflnT) = GvjH p {{Y HT Ex ) x (C*) rf_i ) = (11) 

(where T Ex is the maximal torus of P Ey ), by equation (JsJ) and the Kiinneth 



isomorphism theorem with Lemma 2J5. For p = i — 1, consider the following 
commutative diagram: 



ir(P s \x) H'-^x) — > ff M (^nT 



fl*(p Ex \y) jp-^y) — ► ff-^ynT^), 

where the vertical arrows are induced by the morphism tt. The right vertical arrow 
descends to an isomorphism 

tt* : Gr.^ff-^F fl T Sjf ) S Gr^if'" 1 ^ n T) (12) 



which follows from equation (Eh, the Kiinneth isomorphism and Lemma 2.5. On 



the other hand, the proof of Theorem 4.4 in M and Remark 2_^8 show that the 
weight space Wi-\H % ~ 1 {Y n T Ex ) lies in the image of the composition of maps 
on the bottom of the diagram. Thus, we have shown that the composition (0) is 
surjective for all p > 0. Hence, ker(ii) in H P {X) maps onto Gr? 7 H P {X n T). Since 
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Gr^ H p (T) = for p > 0, we get the commutative diagram: 
® n k=1 HP(D k ) > HP+ 2 (P S ) ► 



I'- 

® n k=1 HP- 2 (D k ) 



HP(X) 

V 

HP (Fx) 



Gr^ HP (XflT) 



0. 



where the rows are exact sequences arising from the Gysin spectral sequence. Chas- 
ing this diagram and using the induction assumption (||) for the semiample regular 
hypersurfaces X C\ D k C D kl we can see that H P (X) is spanned by ker(it) and 
im(i*) for all p > 0. Let us show this in the case p = 0. If X is connected, 
then i* : iJ°(Ps) — + H°(X) is an isomorphism of 1-dimensional spaces, whence 



H°(X) = im(i*). By Lemma 2.1, we are left to consider the case when X is a 
1-semiample hypersurface. We use another commutative diagram: 

# 2 (Ps) 







T- 


T- 



The property X = n^ 1 (Y) from Proposition [2.3] gives an isomorphism tt* : H°(Y) — > 
H°(X). Using the diagram and the fact P Sx = P 1 , we deduce H°(X) = im(i*) + 
kcr(ii). 

To prove <JsJ) it suffices now to show that im(i*) and ker(ii) have complementary 
dimensions in H P (X). From equation @ we get dimker(it) = h p+1 (Ps \ X). The 
exact sequence of cohomology with compact supports 

iP(P s ) ^ H p {X) HP +1 (P^ \ X) -> 

also gives dimim(i*) = W(X) - ^ +1 (P S \X) for even p. Since iP(X) = im(i*) + 
ker(ii), the inequalities 

^ +1 (P S \X) < ^ +1 (P E \X) (13) 

hold for all even p. By Poincare duality, we have the equalities /i£ +1 (Pe \ X) = 
h 2d - p - 1 (Pv \ X), hP +1 (Pz \ X) = /i^-p-^Ps \ X). Applying them to @, we 
get 

for all even p. Hence, all these inequalities are equalities, and equation (@) follows. 
The proof by induction is finished. □ 

Remark 5.2. We should note that the above nontrivial result or its equivalent 
has been used without a proof for smooth Calabi-Yau hypersurfaces (complete in- 
tersections) in many papers (e.g., [B3, Proposition 8.1], [HLY, Section 3.4], Jpt 
Section 9]; cup product induces a nondegenerate pairing on the toric part — jCK 
Lemma 8.6.11], |g| Introduction]). In the case of ample quasismooth hypersur- 
faces, this follows directly from the Hard-Lefschetz theorem. It is an open question 



whether Theorem 5.1 holds in general for smooth or quasismooth semiample hy- 
persurfaces. 
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Remark 5.3. An interesting equality follows from the proof of Theorem 5.1 

/i p (P s \X) = /i?(P s \ X) for odd p. 

If X is ample, these Hodge numbers vanish for p away from the middle dimension 
d. But in the semiample case they are nontrivial in general. 

As a consequence of the above proof, we have a direct sum decomposition 
H P (X) = im(z*) © ker(ii) for a semiample regular hypersurface. By the Gysin 
exact sequence, the kernel of the Gysin map is exactly the image of the residue 
map. Therefore, it is natural to introduce the following. 

Definition 5.4. The residue part H* CS (X) of cohomology of a quasismooth hyper- 
surface X in a complete simplicial toric variety Ps is defined as the image of the 
residue map Res : H* +1 (P S \ X) -> H*(X). 

Remark 5.5. The r esid ue part H* CS (X) is isomorphic to the primitive cohomology 
PH*(X) defined in |BCj by the exact sequence 



iP(P E ) -> H*(X) -> PH*(X) 



0. 



For a semiample regular hypersurface X in a complete simplicial toric variety 
Pe we have 

h*(x) = h; oi . ic (x)(sh; cs (x). 



Theorem 5.1 described the toric part. Note that 

ff* oric (A) U H* es (X) C HUX), 

since i\(i*a U b) = a U i\b = for b G ker(ii), by the projection formula. Therefore, 
the residue part is a submodule of H*(X) over the ring 7J t * oric (X). 

Finally, we suggest an algorithmic approach to computing the residue part of 
cohomology. As in the proof of Theorem 5.1, the Gysin spectral sequence gives the 
commutative diagram: 





k 



TTP- 



\Xr\D k ) — ► HP CS (X) — > GrfPffP(AnT) 



(14) 



® n k=1 HP- 2 (XDD k 



® n k=1 H p -\D k 



H p (X) Gr^(lnT) 



Gr™ HP (T) 



0, 



— ff p (Ps) — 

where the columns and the rows are exact, and where PH P (X D T) is defined, as 
in [Bl, Definition 3.13], by the exact sequence 

H*(T) —>H*(XnT)—> PH*(X n T) — > 0. 

The hypersurfaces X (1 D k in D k are semiample regular of lower dimension, and the 
space can be described in terms of cohomology of a nondegenerate 

affine hypersurface, again, using the proof of Theorem |5.l[ Therefore, this provides 
a way to calculate HP CS (X). 
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6. COHOMOLOGY OF SEMIAMPLE REGULAR HYPERSURFACES 

In this section we continue the study of the cohomology of semiample regu- 
lar hypersurfaces which was initiated in [Q Section 4]. Applying the algorithmic 
approach of the previous section, we will compute the residue part of the middle co- 
homology of a big and nef regular hypersurface A. In particular, we will generalize 
the description in equation (||) and Theorem |2.10| . An algebraic description of the 
middle cohomology is important because, in the Calabi-Yau case, this is isomorphic 
to the chiral ring H*(X, A*T X ), by equation (||). In terms of this description, one 
should be able to compute the product structure of the chiral ring. Here, we also 
compute the nontrivial cup products 7^ U u/g of elements constructed in Section || 

Let A be a d-semiample regular hypersurface, defined by / G Sp, in a complete 
simplicial toric variety Pe- Our goal is to relate u\, defined in Section ||, to the 
description of the middle cohomology of A given in equation (^). First, we define 
new Cech cocycles, representing elements in H d ~ 3 (X <~) Di). 

Definition 6.1. Given a € Xx(2) with the ordered integral generators e; and 
ej, , +1 as in (j^), introduce a (d — 2)-form 

mult(cr)n PfcC(T a;fc 
Then, for A G S'fp+i^-^+z^ and pi C a such that pi ^ Ex(l), define 

2 , n ( AKj ■ ■ ■ K in n r 



fio ' ' ' fip 

where / is the index set {io, . . . , i p }- 
Consider a rational (d — 2)-form 

(An a /fp +1 ) G H°(Di, n d D ~ 2 ((p + i)Xi)), 

where A, := A n Di (we will use both notations). By the residue map we get 
Res(Af2 (T // p+1 ) G H d ~ 3 (X D Di) . The next statement shows that up to a constant, 
(uj a )i is a Cech cocycle which represents this residue. 

Proposition 6.2. Let X C Ps be a d-semiample regular hypersurface defined by 
f G Sp. Given pi C er G £x(2) such that pi ^ Sx(l), and A G S( p +i)p-p +pv , 
then, under the natural map 

H p {U\ X nD^ d X nD-) - HP(X H D l: ) S H d - s ~™(X fl A), 

i/ie Hodge component Res(yl^2 (T // ^D+1 ) <^_3 ~ p,^, is represented by the Cech cocycle 

/_ 1 s d _3+(p(p+l)/2) ■••i<r in fi (T , | rf , „ 
J_5 J^L G^(WUn Di ,^nA ? )- 

P- I Jio " ' Jtp ) 1 

Proof. The proof of this is similar to the proof of Theorem 3.3 in Q (see also 
|CaG ). We only need to show that 



df A Cl a — modulo multiples of / and Xi . 



(15) 
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Note 

d/ A fi CT = d/ A 



mult(cr)n PfcC(J 2;fc mult^rLc^ 

x loflo x l n M+i K l nM +i^ . X lo X l nM +xfln{ a )+l K h^ 



The first summand is divisible by /, because d/ A f2 = modulo multiples of /, as 



in Lemma 4.10, and because / is not divisible by any variable x k , corresponding 



to pj. C a, since X is regular. The sum of the other two terms is a multiple of Xi, 



because, by the argument after Definition 4.1, xufn are divisible by all variables 
Xk, corresponding to the cones p k C a not contained in Ex(l), and because of an 
Euler identity similar to ([?]). Hence, equation (|l5| ) follows. 

We also verify that (<jj\)i is a Cech cocycle. The Cech coboundary of (io A )i is 



(-i) p2/2 {^E 

v l — n 



P+ 1 / i\k 



(-lTf ik K ip+1 ---K ik ---K io n a 



fio ' ' ' fip+1 ) I 



On the other hand, 



P+i 

E(-i)%^ ip+1 • • • /v, • • • K lo n a = k 1p+1 ■ ■ ■ K l0 (df a n a ) 

k=0 



Applying equation (|l||) and d/ = on X , we can see that the image of {uj\)i under 
the Cech coboundary map is zero. □ 

Denote by ui\ the image of the cocycle (u> A )i in H P (X n ^■'xnD P ) m In the 
next step we show a relation between ui A and wV 

Proposition 6.3. Let X C Ps &e a d-semiample regular hypersurface defined by 
f € 1S/3. TTien V'iiS^ = w^, where (fi\ is the Gysin map for tpi :1 (ID, ^ I. 

Proof. It suffices to show that ipi\LO A , for A 6 S p p-p +p«, is represented by the 
Cech cocycle 

The Gysin map <£>j| we can compute, using the following commutative diagram 
-» C*(V a ,ft2r 1 ~ p ) -> C 3, (V CT ,n x " 1 " p (logX»)) cp(vf,^ x - 2 -f) 



where the vertical arrows are the Cech coboundary maps, V a denotes the open 
cover W\x, and the cover Vf is the restriction V CT |x» 5 Xi = XnDi. By the residue 
map, the cocycle (uJ A )j is lifted to the cochain 

I Ji Ji p -i k=1 x k J i 

in C p_1 (V°',f2x rl ~ p (logJ5C i )), where / is the index set {(i , j ), . . . , (i p _i, j p -i)}, 
corresponding to the cover V CT , and where mj o G Mr, for <7j o D pi generated by 
ei and e s , satisfies (mj ,ei) = 1, (mj o ,e s ) = 0, and toj o = in all other cases. 
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Appropriately, this can be obtained, using some affine open cover on X, where 
X (1 Di is given by n*=i ^i™ '' ^ = up to some multiplicity (we omit the details). 

The image of rpj under the Cech coboundary map should represent tpi\Ui l A . Using 
the diagram, we can see that changing of ipj by a cochain in C P_1 (V CT , f2^ 1_p ) does 
not affect the image. Notice that ipj is equivalent to 

modulo some cochain in C p ~ 1 (V cr , il^ ~ p ). Assume for a moment that 

"■ A S^-'0- K, 'ife (16) 

is well defined on U a ~. . Then is actually equivalent to 

AK- ■■■K- i i di jQ 

Jo 



C A K - ■ ■ ■ K~ / ( 

(_!)d+((p-i) 2 /2) J 'p-i [ _ 

i /i ■ ■ ■ / jL-, v n 



modulo some cochain in C^ 1 (V 7 , fl^ p ) ■ The image of this under the Cech 
coboundary map is clearly (ui A )j. We are left to show that ( fuf ) is well defined 
on U a - . The case a-- ~i) p; is trivial because m~- — and di = 0. The cases 

a Jo JO ^ ^ JO jo 

left are jo = fc, + 1 for i = If. as in (^); we only check the case jo = k (then 
(rnj o , ei k _ 1 ) = 0, d\ = x; )t _ 1 9; s ,_ 1 /(mult((7fe)), the other case is similar. It is enough 
to verify that multiples of (dxi)/xi cancel each other in the difference tKw. We 
defined £1 — Yl\i\=d det(ej)£jda;j; note that the multiples of (dxi)/xi in ( |16| ) are 

det (e{io,i„( g)+1 }uj) _ , 1 ^ d et(e { ; t _ l}u j u{t} ) \ xjdxj \ ^ dxj 
mult (a) mult(<7fe) JHp ktz<T x k J Xi ' 

where the sum is over all (d — 2)-element subsets J C {1, .. - ,n}. Interchanging 
i = h with the ordered set {h-i} U J in det(e{/ fc l } U j U {i}) and using the relations 
of the cone generators (see [j^, Section 8.2]) 

ei k mult(g , fc )e; fc _ 1 e to 

mult(<Tfc) mult(crfe)mult((To,fc-i) mult (cr , fc- 1 ) ' 

mult(a)e; fc „ 1 e *„ w +i e h 




mult(cr ,fe-i)mult(cr fc „ l! „ ((T ) +1 ) mult(cr fe _ 1>n ( CT ) +1 ) mult(er ,fc-i) ' 
where a St t denotes the cone generated by e; s and e; t , we get that the multiples of 
(dxi)/xi in (|l6|) cancel each other. The proposition is proved. □ 



The last proposition shows the relation of lu a to the description of the middle 
cohomology of X given in equation (J3J) . But we also need to understand the relation 
of lo\ to the description of the cohomology in Theorem 2.1C. For this, we will have 
to consider some toric subvarieties of codimension 2 in Ps, and to study the relation 
of some quotients of the homogeneous coordinate rings of these toric subvarieties 
and Ps- This work will culminate in Theorem 6.7, which generalizes Theorem [2.10 



As in (M| Section 5], we consider a 2-dimcnsional cone a' 6 £ contained in 
cr € Sx(2) and containing pi (in the notation of (^|), we have i — Ik and a' = Uk 
or Cfc+i), and let S(V(a')) = C[x 7 ' : a' C 7' € S(3)] be the coordinate ring of the 
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(d— 2)-dimensional complete simplicial toric variety V(cr') C Ps. From Lemma 1.4 
in Q, it follows that :=Xfl V(a') (we will use both notations) has a positive 
self-intersection number inside V(<r'), implying X a i is a big and nef hypersurface. 
We have a natural commutative diagram: 

S* s H°(P s ,0 Ps (*X)) 

5(F(a'))^^ (F(a'),Ov( CT0 (*^')), 

where € Ad_3(F(cr')) is the restriction of (3, and the vertical arrows are the 
restriction maps induced by the inclusion ip a > : V(cr') C Ps. To describe the 
vertical arrow on the left one first has to restrict a Cartier divisor D = J\=i a kDk 



(as in [Fl, Section 5.1], assuming that = for p k C a') in degree (3 to V(a'): 



D\ V (, 



V mult^) 



where the sum is over all 7' £ S(3) spanned by er' and a generator e^y). Then 
a monomial Hfc=i x q k ak+ ^ m,ek ^ in with m G cr /J ~ is sent by the restriction 
map 9?*, to FT, £y 7'+( m ' e T')^ w here ay = afe(y)mult(cr')/mult(7') and ey = 
efe(y)mult(cr / )/mult(7 / ); if m ^ cr' , the monomial is sent to 0. Hence, we can 
see that the restriction map S*p — > ^C^X 17 '))*^' is surjective, and its kernel is the 
ideal in S*p generated by all variables x k such that p k C a, by the argument in the 



proof of Lemma 4.2, Therefore, we have an isomorphism: 

& : (S/(x k : Pk C a)U - S(V(a'))^ . (17) 

If X is defined by / G Sp, then the restriction of /, denoted by determines 
exactly the hypersurface X a i C V(a'). 
We also have a natural map 

s (P+1) p-p 0+P ° - ff°(A, ^; 2 ((p + W), (is) 



sending A to the rational (d— 2)-form (Att a / f p+1 ) considered after Definition [3j] 
Let us determine the restriction of this form with respect to the map 



H°(D u n d D - 2 (( P + l)X t )) H°(V(<T'),tl d v -*, ) (( P + !)*„,)). 



induced by the inclusion tpi i(J i : V(cr') C -D^. The form f2 in Definition 2.7 is 
determined up to ±1, depending on the choice of the basis for the lattice M. We 
have fixed one basis mi, ... , but it is always possible to find another basis 
ml , . . . , toS, for cr G Sx(2), so that the corresponding Q, is the same as before and 
rrii > • ■ ■ j TO d-2 form a basis for the lattice MC\a^ . With the new choice of the basis, 



the proof of Proposition 9.5 in |BC| shows that 



fc=l \fc=l K 7 x fc=l K 
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Using this, we compute 

mult{a)H phC(7 x k 

mult(cr) x k J x k 

where e d " 1 » <i denotes ((m^_ 1; e /o ) (m£, e inM+1 ) - (m^, e io )(m^_ 1! e; nW+1 )). By the 
properties of mult(cr) in jS], Section 8], we can see that e d_1:d /mult(cr) is ±1. There 
were two (reverse to each other) possibilities of labeling the generators of a when 
we chose the order in (^). In further calculations we assume such a choice of pi 

and pz„ M+1 that e d_1 ' d /mult(cr) = 1. Set fj = Y¥k-\ ^i™^ 'j * nen ••• '^2-2 are 
the coordinates on the torus TV . In terms of the homogeneous coordinates on 

V(a'), the affine coordinates t? are identified with FJ,y x 7 , J ' ~" . Hence, 

_ #'( A IW«r**)/V/„. CT „ \dx 7 A A A /v-, - ,dx 



iz.^' e v'— J a • • • a n W-2' e 7')"^ 

" aw/r y(CT,) ' 

where, as in Definition [2.7| , n^^i) is the (d — 2)-form on the toric variety V(cr'), 
corresponding to the basis mf , . . . , w^_ 2 . A monomial in S(p+\)fj—f} +po with /3 = 
Efe=i °fc-Dfc] corresponds to a lattice point to, satisfying the inequalities (p+l)afc + 
(to, e*;) > 0, for pfc C cr, and (p + l)a k + (m,e k ) > 1, for p k (jt o. Then, by the 
earlier explicit description of (/?*,, we can see that the restriction i/3*, (A Y[ Pk ^ a Xk ) 
is a polynomial in S{V{a'))^ p+l ^ a i , divisible by JXy'^V- Therefore, we get the 
following commutative diagram 

<S(p+l)/3- l 3o+/3? * H °( D i^Dl 2 ((P+ 1 ) X i) 

where 0% := deg(Jl ,a; 7 ') e Ad-a(V (a')) is the anticanonical degree, and the 
horizontal arrows are given by ( |l8|) and a similar one sending a polynomial A to the 
form (Ai7y( CT /)//^, +1 ). Recall from Section ||that for the hypersurface X a i c V(ct') 
we have the residue map 

Res : S(V(a')) (p+1) ^_^ - H>(X, 0^ n V (V) ), 

sending a polynomial £? to the Hodge component Res(aJs) d-3-p ' p . As in Section [| 
denote [u>b] = (— l) p ^ 2 p!Res(a;B) d ~ 3 ~ p ' p . By the naturality of the residue map and 
Proposition |6.2| , we obtain the following result. 

Proposition 6.4. Let X C Ps be a d-semiample regular hypersurface defined by 
f € Sp. Given pi C a € £x(2) smc/i i/iai pj ^ Sx(l), and given a' € S(2) smc/i 
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that pi C a' C cr, then we have a commutative diagram: 

S( P +i)f3-f3 +/3° : > HP(X(1 Di,£lxr\D?) 

S{V{a')\ p+1)p „,_rt ^ d ~ 3 - p M. Hv{XnV{o->),n d -*-* al) ), 
From Section ^| we know that the map 

Res : RiU^iW-tf - H P (X n V(a'), n*- 3 "*,,) 
is well defined. The map Cf should also be well defined on some quotient of the 



coordinate ring S. In Definition 2.9 we had the rings Ra(f) = S/Jo{f) and Ri(f) 



S/J\(f). Now introduce the following similar rings. 

Definition 6.5. Given / 6 Sp of d-semiample degree 6 j4d-i(Ps) and u G £/s(2) 
(see Remark |l.5| ), let Jg(f) be the ideal in S generated by the ideal Jo(/) and all 
Xk such that pk C a, and let Jf (/) be the ideal quotient Jg (/) : (IIp^o- Then 
we get the quotient rings R$(f ) = S/Jfi(f) and Rf(f) = S/J?(f) graded by the 
Chow group v4 d _i(P s ). 

We have the toric morphism n : Ps — ► Ps x , associated with a d-semiample 
hypersurface X C Ps. By the previous discussion, for a' C a € £x(2), = 
X n F((t') is a big and nef hypersurface, defined by f a i, in the toric variety V(a'). 



It follows from Proposition 1.6 that the restriction of n is the toric morphism 
7r CT / : V(a') — ► V{g), associated with the semiample divisor X a * . In particular, 
we have a ring homomorphism 71V,,, : 5 f (V r (cr')) — ► S(V(a)) between the coordinate 
rings of the toric varieties. The image of f a i is a polynomial f a € S(V(a))p<r , which 
determines the ample hypersurface Y„ := TT a i(X cr >) in V(o~). 

Proposition 6.6. Let /3 e i4d-i(Ps) be d-semiample and let /3g = deg(FJ 7 ' %y) G 

j 4rf-3(^(< J ')); /^o = deg(J| 7 j/ 7 ) e A ( i-'i{V{a)) be the anticanonical degrees. Then, 
there are natural isomorphisms: 

(i) ^o(/)*/3 — Ro(f<T')*pv' — Ro(U)*P"> 

(ii) Ri(f)*p-p +Pf—Rl(f<T')*/3<r'^p*' =Rl{fa)*P"-P^- 

Proof, (i) To show the first isomorphism, induced by ip* a , , it suffices, because of 
equation jl7|), to check that the ideal Jo(f) in S is mapped onto the ideal Jo(/<r') 
in S(V(a')). By Proposition 5.3 in flC2| ], the ideal Jq(/) is generated by / and 
Xi x df /dxi 1 , . . . , Xi d df /dxi d for linearly independent e^.-.e^. We can assume 
that , . . . ei d are generators of some simplicial cone r, containing cr', and &i d _ x , ei d 
are generators of cr'. By the explicit description of the restriction map ip*,, f is sent 
to f^, while Xi d l df /dxi d l and Xi d df / dxi d are sent to 0. To understand the image 

b k + (m,e k ) 



of the other polynomials, as in pC| , we write / = X^meArw a m Yik=i x k 
where A is the polytope associated with a torus invariant divisor J^,, 6fc-Dfc (as- 
suming = b ld = 0) in degree (3. Then 



mEAflM k=l 



:!() 



ANVAR R. MAVLYUTOV 



Applying the restriction map ip* a , to this, we get, for s ^ d — 1, d, 

V a (b +(m e ))TT^' +(m ^' > , 1L 

mgAnMriff 1 7' s 

where the cone 7^ is spanned by a' and the generator ei 3 , and where by — 
6fc( 7 /)mult(cr')/mult(7'), ey — efe( 7 /)mult(cr')/mult(7') correspond to the cone 7' 
spanned by a' and a generator euy)- Therefore, we get the first isomorphism 
f%> '■ - R o(/)*/3-- R o(/ CT ')*/3<''- 

For the second isomorphism, induced by ~K a '* '■ S(V (c'))*^' — S(V(cr))*(3<? ( see 
Section ||), it is enough to show that Jo(fa') is mapped onto the ideal Jo[f a ) m 
S(V(a)). This can be easily achieved by the argument in the previous paragraph. 

(ii) By the construction of the maps y?*, and 7r CT /*, we get the commutative 
diagram: 

Ro(f)*f3 — ^o(/ct')*/3"' — Rq{U)*!3° 
H Pk e* Xk Uy x t' JH^Vy 

Rl(f)*/3-0 o +l3^Rl (fcr')*p"' {f<r)*P"-PZ , 

where the vertical arrows are injections, induced by the multiplication. To show 
that the bottom arrows are isomorphisms it suffices to check that the images of the 
spaces from the bottom into the spaces on the top correspond to each other under 
the isomorphisms of part (i). Note that these images are the ideals generated by 
fT-pt^o- x ki Yiy x i' an d II7 Vi j respectively. By the explicit description of the maps 
Lp* a , and 7iv„, one can see that these are mapped onto each other. □ 

Finally, we can put all of the above together and generalize equation (Q), de- 
scribing the middle cohomology of a big and nef regular hypersurface. 

Theorem 6.7. Let X C Ps be a d-semiample regular hypersurface defined by f € 
5,3, d = dimPs. Then there is a natural isomorphism, for p = d — 1 — q: 

H™{X) = Rx(f) {q+1)0 - 0O © ( (RUf) q 0-0o + P?T ( A © fffoScPO © C, 

VcreSx(2) / 

where C — X)t<es(2) L Pr\Hr CS ' 2 ' q ^ 2 {^ H ^( T )) ft^ e Gysin maps ip T \ are induced by 
the inclusions ip T : X n V(t) C X), and the graded pieces of R±(f) and i?f (/) are 
embedded by the maps [uj_] and io l _ for all pi (£ Ex contained in some a £ Ex (2) 
(n(a) is the number of such cones). Moreover, Ri(f)q/3-i3 +p° = for q = 0, d— 1, 
and the cup product of any two elements from the distinct summands of the above 
decomposition vanishes. 

Proof. Theorem 4.4 in Q combined with the diagram (|l4|) gives an isomorphism: 

n 

H d-i- q , q{x) s Rl ( f ) {q+1)0 _p o © H d tm l c - q ' q {x) e V ^Ht 2 - q ' q -\x n A), 



i=l 



where (pn are the Gysin maps induced by the inclusions. Applying ( |l4|) to the 
hypersurface IflDj in Di , we get an exact sequence 

h?- s 5 (x n V(t)) -> PH d - 3 (X n Di) -> GrJ_ 3 PH d - 3 (X n T w ). 

p,CreS(2) (19) 
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The space Gr^ 3 P 'H d ~ 3 '(X n T Pi ) vanishes, by equa tion (|Tl"| ), unless 1(1 A is a 
(d— 2)-semiample hypersurface in Di. By Proposition 5.10, the latter happens only 
when pi ^ Ex lies in some a E Ex(2). In this case, there is a' e E(2) such that 
Pi <Z a 1 a cr, and, by equation (|l2]), we have isomorphisms 

GrJ_ 3 H d ~ 3 (X n T p J - Gr^i^" 3 ^) n T CT ) £* Grf_ 3 tf d - 3 (X n TV) 

induced by the morphism n : Ps — > Ps x ■ The hypersurface X n V(cr') in V(it') is 
(d — 2)-semiample (big and nef). So, we can apply Theorem 4.4 in (m) to deduce 
that the composition 

is an isomorphism. Using Propositions 3.4 and 3.6, we get that another composition 

^ C a - ,rl (^nA) -> ^-2-«-i(Fif« ( x n T ft )) 

is also an isomorphism. Hence, by equation (|lS|), 

«Ore£(2) 

for pi ^ Ex contained in some a € Ex (2), and 

p,Cr6E(2) 

for all other pi (here, ip % T : X n V(r) ClflA is the inclusion). From ( |l4| ) we have 
an exact sequence 

n 

Ht s 5 (x n u(r)) -> iJ r t 3 (x n A) - H r t x (X) 

tSE(2) i=l 

which shows that the kernel of the right arrow is included into the parts comple- 
mentary to R1(f) q p-f3 +pv in H d ^ 3 (X n Di). The direct sum decomposition of the 
middle cohomology follows. 

The fact Rf(f)^ 0o+0? = is obvious, while flf (/) ((1 _ 1 ) /3 _ i g 0+i g« = is implied 
by the isomorphism of Pr opos ition |6.6| and by a dimension argument using the 
proo f of Theorem 11.5 in [BC] and Theorems 2.11, 4.8(v) with Corollary 3.14 in 
IbT) . From Section § we know that H* es (X) U H* olic (X) C H^X). But since 
if r 2 e ^ _2 (X) = 0, the toric part H d ~} r (X) is orthogonal to all other summands in the 
middle cohomology. Theorem 4.4 in Q shows that Ri{f)( q +x)f3-p is orthogonal to 
all other summands as well. The proof of Lemma 6.£ below shows that w^Uw^ = if 
Pi, pj £ Ex lie in two distinct 2-dimcnsional cones of Ex (2). Finally, the projection 
formula gives: 

J A U V T! H?~ 5 (X n V(t)) = <p Tl (<p*u>U U Hf~ 5 (X n V(r)). 

But it can be seen directly that the restriction tp* of the Cech cocycle is a 

coboundary. The theorem is proved. □ 



Remark 6.8. The direct summand C in the above theorem vanishes when q = 
0, 1, d—1, d—2. Therefore, we have a complete description of the middle cohomology 
in the corresponding Hodge degrees. 
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Lemma 4.12 tells us that the cup product 7^Uw^ vanishes in certain cases. Now 



we show that this is true in more cases. 

Lemma 6.9. Let X c Ps be a d-semiample regular hypersurface defined by f £ 
Sp. Then the cup product j A U u> B = if Pi,Pj (fc Ex(l) lie in two distinct 2- 
dimensional cones o/Ex(2). 

Proof. We use the description of the middle cohomology in equation (||) and the 
Poincare nondcgcncratc pairing to show that 7^ U uj b — for pi and pj lying in 
two distinct 2-dimensional cones a 1 and a 2 of Ex- Because of this, it is enough to 
check that the cup product of j A U uP B with all elements in (|J) vanishes. 

Take [wc] G H d ~ 1 (X), corresponding to C £ Su- p -i\p-p , m the Hodge com- 
ponent complementary to the one of "f A U w 3 B . Then 

lA U U k] = ±^ c Uu]j= i^i^AC U VjPs = ±<Pj l ((<p*<p i! 0J l AC ) U W^), 



where we use Theorem 4.11, Proposition 3.3 and the projection formula for Gysin 



homomorphisms. By Lemma 5.4 in |M| , there is a commutative diagram: 

H d - 3 (xnDi) v "- > H^iX) 



A 



^(inAnflj) a ' Vj " - H d - l {xr\D 



where (fij : J fl J, fl 5j <—* X n Z?i is the inclusion map and a is some constant. 
On the other hand, (p*jU; AC vanishes, because the cocycle representing uj ac has a 
multiple of dxj or Xj in each term of the form il. Therefore, 7^ U u B U [u>c] — 0. 

The rest of the elements, which span the middle cohomology, have the form 
(fiii(a) for some a £ H d ~ 3 (Xr\Di). The projection formula gives j A Duj b U t^t (a) = 
^1(^(7^ U w^) U a). Hence, it suffices to show that Vi{"l A U w^) = 0. In further 
calculations, for simplicity, we assume that A £ S^i and B £ S^_^ o+ p„2 . We 

will need to use a refinement U of the cover U, by the open sets Uk = {x £ Ps ■ 
Xkfk{x) 7^ 0} for k = 1, . . . , n. Since X is regular, these sets cover the toric variety 
Pj> In this case, the cup product j A U lo j b is represented by the Cech cocycle 

/ {-l) d AB fut ujl < Jo \ fK i2 (dl 2 M) KiAdi^Q) 



\ (ripfcCcr 1 Xk )(n.p k cir 2 Xfe ) v fn ^0 j v /»2 fii 

where the index set / = {(io, jo, fco), {i\,ji, ki), (i2,j2) fe)} corresponds to the re- 
finement of U, W and W CT , and where u\ t . f denotes (di t A <9j t ,d/). Note that 

fio fil fil fiofil 

For pi, not lying in the cones a 1 and a 2 , the restriction <p* of the above cocycle 
vanishes: if i is among {io, 22}, then [7^ n -D; is empty; if i ^ {^cb 21,22}, each 
term of the cocycle is multiple of xi or da;; coming from 17. We are left to consider 
pi C er 1 U cr 2 . For p/ C cr 1 , we will show that the restriction ip* of the cocycle is a 
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Cech coboundary; the other case is similar. Compute 



fii fi o J \ Ii 2 Ii i 



/=I\{(ia,J„fc»)} 



Using this, we can see that the restriction (p*(j\ U w^) is represented by a Cech 
coboundary because of the following observations. The polynomial (<9^,d/) is 
divisible by xi. If pi <t a) , then the restricted open set U a \ n £>/ is empty. If al 

and erJ contain pi, then if: (9* — d\ )jf2 is either or divisible by £; because of 

n llV jo 31' 

equation (]?]). Thus, the restriction (7^ U a/^) = 0, and the result follows. □ 

At this point, let us summarize our calculations of the cup products H*(X, A*Tx) 
with the middle cohomology H*(X, fi^T 1- *) for d-semiample regular hypersur- 
faces. We have the elements in H*(X, A*7x) represented by 7_, 7* (with pi ly- 
ing in some a S Ex (2) such that pi £ Ex), and the corresponding elements in 



H*{X,£l d x l ~*) represented by a;\ Theorem |3.4| provides ja U wb = ^ab, 



while Theorems 4.11 and 4.12 have 7^4 U lo b = and 7^ U = u^g. Lem- 
mas 4.13 and 6.9 tell us that the cup product 7^Uw^ — 0, for i 7^ j, unless pi and pj 
span a 2-dimensional cone of E. Thus, for the constructed elements in 7J* (X, A*Tx) 
and H*(X, f2^T 1- *), we are missing only the cup products 7^ U when pi and 
Pj (i may be equal to j) span a cone of S contained in some 2-dimensional cone of 

Ex- 
First, we consider the nontrivial cup products 7^ U cj b lying in H d ^ 1 (X, Ox), 
which is isomorphic to Ri(f)dp-p , by Theorem |6.7|. We note here that the inclusion 



I* ■ Ri(f)dp-fh 11 Mf)d P (20) 

induced by the multiplication is an isomorphism because the dimensions of the 
spaces is the same number (of the interior integral points of a polytope A corre- 
sponding to 0) by the isomorphism Ri(f) d B-3n_ = H '^ 1 \H d - 1 (X n T)) of M 



Theorem 4.4], by |DK|, Section 5.8], and by |BC] Theorem 11.5] with |B2] Corol- 
lary 3.14]. The cup product should be represented by a polynomial in the above 
spaces. 

Proposition 6.10. Let X C Ps be a d-semiample regular hypersurface defined by 
f G 5,3, and denote 

mu\t{o-)\[ pkC<r x k 

for a € E x (2) spanned by p s and p t . Given A <E S , ( p _i) /3+/ 3j , £? £ S^-x-pj^-^+^j 
(i) for pi = pi k ^ Ex, as m (Qj, contained in a € Ex (2): 

7 a Ucj b - — — r — r mH (X,Ux), 

mult(cr fc )mult(cr fe+1 ) 
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(ii) for Pi,Pj <£ Ex which span a 2 -dimensional cone a' € £ contained in a G 
Sx(2): 



^ Uuj b- mult(<7/) m H (*> Ox). 



Proof. To simplify the proof we assume that p = 1. 

(i) After a simple modification it follows that the cup product 7^ U is repre- 
sented by the cocycle 




Y2 



(d- A 5! , d/) Xj ■ • • Jfc jfi) 



7 



where J = {(ioj io)j • • • j is the index set corresponding to the open sets 

Ui k (defined in Lemma |6.9[ ) and XJ aj . Note that 

AB (^A&.d/) K-^.-.K-^diM) 



(YlpkCcr X k) 2 Ho hl'"hi-i 

f_i)d-nn / iT ? • • • ifc jfi) iG • ■ • X- (92 jdi jO) 

' ' (9? d/) ■" 1 '"' 1 ■" 



("TT It )2 1 Jo' " f, ... f- f, ... f~. 

The first summand is well defined on the corresponding open set: if i € {«o, ■ ■ ■ , *d-2j! 
then Xj 7^ on the open set; otherwise, (9| q , df)K~ id 2 ■ ■ ■ K~ ia (d%^j£l) is a multiple 

of (xi) 2 . Therefore, the corresponding sum in the above cocycle forms a Cech 
coboundary, and j l A U w l B is represented by 

\ aw**) 2 f =A{(<hA)} 4---4- 2 / 



By Proposition 5.3 in |C2J], the polynomials x rg f ro , . . . , x rd _ 1 f rd _ 1 do not vanish 
simultaneously on X if e ro , . . . , e r<J _ 1 are linearly independent. We can always find 
such generators so that e n> — e; and e ri — e; , )+1 as in (^). Since the open sets 
{x £ Ps : x Tk f Tk 7^ 0} cover the toric variety, we can assume that the first index in 
/ takes only the ordered values r , . . . , Td—x- In this case, it is not difficult to check 
that the above cocycle is different by a coboundary from 

\ (U PkC ,^) 2 /=A ^, )} Q/ 4---4_ 2 mult(a fc )mult( ( r fc+1 )/ ' 



where 



-1 if i = «i = r 2 ,jo < k < k + 1 < j x 
-1 if i Q = n,h = ^2,ii_> + 1 
1 if i = r ,ii = r 2 ,ii < k 

in all other cases. 



Using the Euler identities in the proof of Proposition the last cocycle converts 
to 

mult (tr* + o- fe+ i) f (-l) (d - 3)2/2 ABx i( J io xz, iM+ Ji„ M+1 A' id _ 1 • • -X lo fil 



mult(cr fc )mult(CT fc+1 ) I mmt ( cr )(ri ( , fc c<T x k) 2 /i -"/> 
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This cocycle represents 

mult(cr fc + Q-fc+l)[^ M -i(ABG"(/))] 

mult((Tfe)mult((Tfe + i) 

■inH^HX.Ox). 

(ii) Similar to the proof of the previous part and Lemma 6.9, the cup product 
j l A U uj 3 b is represented by the following cocycle: 

\ (n PfcC ^fe) 2 f=A{(Wfc)} -fi*-, S j 

The 1-dimensional cones pi and pj span one of the 2-dimcnsional cones a% C a as 
in in (||). The cocycle differs by a coboundary from 

f (_ 1) »iw-3)V2 )j4b -Kj J _ r ---g;,(%^,-,^) '| 

where 07 is the same as in part (i). The Euler identities show that this represents 

, £H d - l {X,O x ). 
mult (o-fe J 

□ 

The restriction maps ipf, induced by the inclusions <fi : X n Di X, give 
some information about the nontrivial cup products 7^ Uoj 1 b in H d ~ 1 (X). We will 
use this in Section [?] to calculate nontrivial triple products on the chiral ring of 
anticanonical hypersurfaces. 

Proposition 6.11. Let X C Ps be a d-semiample regular hypersurface defined by 
f E Sp, and let, as in (Qj, = pi k ^ Y*x be in some a € Ex (2). Then, for 
A e S p p + pa and B E S q p-p 0+ p^, 

(i) ^ fc±1 (7A Uw^) = ±^* fc±i (^ BHr±i(/) ), w/iere H[ ±1 (f) is a polynomial in 

Sp-pi equal to v^xi k± Ji k± J(mult(a k M±i)l\ pkCcr Xk) at x lk = and x tk±1 = 0, 
where a s .t denotes the cone spanned by pi s and pi t . 

(ii) if* (7^ U Wg) = 9f*(cJ^ Bfl -„/ys) ; where Hf{f) is a polynomial in Sp-p° equal 

to 

\T^xi k+ Ji k+1 V^lxi k _Ji k _ 1 

mult(cr fc! fc + i) n PfcC a X k mult((7fe-l,fc) Up k Ca X k 

with xi = xi k _ 1 = xi k+1 = 0. 

Proof. For simplicity, we assume that A G and i? G <S/3-/3 +/3; r • The cup 
product 7^ U is represented by the Cech cocycle: 

f (-l) d AB /< ;il <, io \ (K l2 {d{ 2 ^) K^M) 



(Y\p k Ca- x k) 2 V /*l /*o / V /i2 /il / J j (21) 
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where u\ kjk denotes (d ik A d l jk ,df), and / = {(i , j ), (12,32)} is the index 
set. Compute 

(d l0 Ad) 0l &f) K^d)^) = K^jd)^) (d* Bl df)K n K l0 (dlM) 

fio fh fii fiofil 

= K io {d)^d) Q &) (dl,df}K n K lo (d^ jo M) K n K lB (dl^ jo 4dfAn) 

fio fiofil fiofil 

fio fio fil 



where, as in Lemma 4.10, we used df A Vl = modulo multiples of /. Hence, the 
cup product 7^ U lo 1 b is represented by the Cech cocycle 

For part (i), consider the restriction tp* h of this cocycle. Note that the open 
set U aj n Di k±1 is empty, if ctj does not contain pi k±1 , and that 9* = 0, if the 
corresponding cone <jj does not contain pi. Using this and <9j A 9j = 0, we get that 
the restriction of 7^ U u l B is represented by 

f (_i)^ug ^..u^^W] 
l aw**) 2 /=A ^ s) > ^itK, fe±l) 44 r (22) 

where the index set / corresponds to the restricted open cover U a \xr\D ik > and 
where ak,k±i is the cone generated by ei k and e; fc±1 . Notice that this cocycle is 
similar to the restriction <Pi k±1 {^>c) for some polynomial C. The problem here is 
that Xi k±1 fi k±1 is not necessarily divisible by n Pfc c<x Xk - ^° some work is required to 
get the correct polynomial. Let X be linearly equivalent to a torus invariant divisor 
D = J2k=i ^kDk with the associated polytope A = A D given by the conditions 
bi + (m, e;) > . Then we can write / = X^meAnM a mX D< -- m \ where j; D ( m ) denotes 
lfi =1 x b l l + {m ' ei) . Note that 

x h±JlH±i = a m(bi k±1 + (m,ei k±1 ))x Dim) . 

raEAnAf 

If bi k±1 + (m,ei k±1 ) — 0, then the corresponding monomial x ^" 1 ' is not present 
in xi k±1 fi k±1 . On the other hand, if bi k±1 + (to, e/ fc±1 ) > 1, then the multiple of 
the corresponding monomial x D ^ in (El) vanishes, since d~. = Txi k±1 di k±1 or 0. 
By the argument in the proof of Lemma 4.2, bi k±1 + (m,ei k±1 ) = 1 implies that 
bi + (to, e;) > for all pi C a such that pi £ Ex(l). If bi + (m, e,) > 1, the 
multiple of the monomial a; D ( m ) in (E|) forms a coboundary. Therefore, only the 
monomials X D ^ in xi k±1 fi k±1 , satisfying bi k±1 + (m, e tk±1 ) = 1 and bi + {m, e,) = 1, 
have a nontrivial contribution in the Cech cocycle (E|). For all such monomials, 
it follows from the relations of the cone generators in the proof of Proposition 3.3 
that b s + (to, e s ) > with s = lo,l n (a)+i- Hence, the monomials are divisible by 
EUca^fc- Thus ' ^ ±1 (7aU^) = ±ipl ±i (u\ Bm (f) ), where H[ ±1 (f) is the 
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polynomial 

./ TV n ry.D(m) 

n ^KfetiJIImCff Xk 

with the sum over all m S A n M, satisfying the equalities &; fc±1 + (m,ei k±1 ) = 1 
and bi + (m,e,-) = 1. This is the same as v / ^Ta;; fc±1 /i fc±1 /(niult(cr fe!fe± i) TTp fcC(T ^fc) 
evaluated at Xi = and £; fc±1 = 0. 

In part (ii) we will need to use the refinement hi of the cover hi defined in 
Lemma |(3l| From (|2f| ) we get that the cup product j A u w s i s represented by the 
Cech cocycle 



I'll,.. ^ ; f- ; ; I. 4 + 44 



where the index set / = {(io,jo), (H>il)> (*2, J2)} corresponds to the refinement of 
W and W\x- Notice 

/il fii 

= (g^d/)^^^) _ (d^d/)^^^) _ ^^(^^(d/ASl) 

fixfi-2 fiifi2 fixfi'2 

4.4 fii.fi-2 

since df A SI = modulo multiples of /. Using this, we compute 

AB ^ /K-Adijdi.M) (di. ,df)Kj K-tdi M) 

• lL ' (— i) s ' ; 



, ((di - 9* 



. AB(d~ ,df)K~, K 

AB{dl,df) f K l2 K l0 {d) ^) KiM^M) K l2 K n (d) o ^) 



(IIp fc c<T -^fc) 2 \ /io/«2 44 44 

, AB((3 ,d/) + (^,d/)) / ^ ( 1)S ^^o^o^) 

It is not difficult to see that the first summand produces a coboundary. The open 
set U aj n Di is empty unless Oj contains p». Therefore, applying the restriction ip*, 
we can assume that the second component of the index (io,jo) takes only values 
lk-i or lk+i- In this case, dj A — dj A <9] 2 + d l n A <9] 2 (and the corresponding 
summand in the cocycle) vanishes. The third summand also ends up contributing 
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AB(di,df) fK i2 K i0 (diM) K h K io (di M) K i2 K il (<9j o jfi) 



(Ilp fc C(T x k) 2 \ fiafi-2 fiofh fiifi2 

_ AB {d) % , df) ( {d) o , df) K l2 K n K io n K l2 K n K io d) Q j (df A ft) 



(TlpfcCo- x k) 2 \ /io/il/»2 fiofhfiz 

_ AB(dl,d.f)(dl,df) K, l2 K n K t0 n 

If i is among {«o, *i, 22}, then this restricts to an empty set since C/i n -D; is empty. 
In the opposite case, this gives under the restriction since Xi or dxi is present in 
each term of f2. Thus, the restriction f*{ r )\ U lo' 1 b ) is represented by the cocycle 

f (-i) d AB((di,df)+^ i} df)) ( ^; ( 



where the index set / now corresponds to the open cover W T \xr\D i - However, the 
last calculation shows that if jo coincides with ji , then the expression in the above 
cocycle vanishes on the given open set. Hence, this cocycle is the same as 

(-l) d AB ( x lk _J lk _ t x lk+1 f lk+1 \ v K^^Sl) } 
(n PfcC .^) 2 VniultK) mult(<7 fc+1 )yJ 1 > 44 J ' 

By the arguments similar to part (i), one can show that this coincides with the 
restriction <p* (u>\ B wuv > wnere H[(f) is equal to 



mult(cr fc!fc+ i) n Pfc c<r x k mult(o-fe_i,fe) EUor x fe 
at a;;, = xj^ = x lk+1 =0. □ 

Remark 6.12. In the anticanonical case (3 = /3q the polynomials Hf± 1 (f), H[(f) 
of the above proposition can be written in a simpler form. Let D — Ylk=i 
be the anticanonical divisor with the associated polytope A := Aj> For / = 
EmeAnM a m x D ^ and er G £x(2), denote 

, „ , r D(;m) 

H°{.f) := v^T £ 0™ = -. 

mGo-J-nAnM 11 PfcC<r 

Then fl£ ±1 (/) = i/ CT (/)/mult( ( 7^ fc±1 ) and 

1 ^ (mult(cr fe+ i) mult(cr fc )) ^ 

7. The chiral ring for anticanonical hypersurfaces 

Here, we will apply the results of the previous sections to explicitly describe a 
subring of the chiral ring H*(X, A*7x), coming from the graded pieces of Ri(f) 
and i?i (/), for semiample anticanonical regular hypersurfaces. By Proposition |2.6| , 
such hypersurfaces are Calabi-Yau. The description of the chiral ring is complete 
for Calabi-Yau threefolds. 
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Let Ps be a complete simplicial toric variety, and let X C Ps be a big and net 



regular hypersurface denned by / £ Sp. From Theorem 3.7, we know the following 
part of the middle cohomology of X : 

H © (©^:) : iM/)f* + D/5-A, © ( (RUfU-Po+P? ) - ff^ 1 -*'*^). 

Now suppose that (3 is the anticanonical degree Pq. In this case, the isomorphism 
(|) and Theorems |3l], fill give us: 



Theorem 7.1. Let X C Ps &e a semiample anticanonical regular hypersurface 
defined by f G Sp. Then there is a natural inclusion 

7-®(©i7!):-Ri(/)*/J©( (W)(*-i) W r (CT) ) -ff*(X,A*T x ), 

where the sum <3)i"f l _ is over pi C cr G Ex (2) smc/i t/ia£ ^ Ex a^d ^l ") * s the 
number of such cones. Also, Ri{f)(q-i)fi+/3" = for q = 0, d — 1. 

Remark 7.2. The map given by 7_© (©i7 l ) is an isomorphism onto H q (X, f\ q Tx) 
if q = 0, l,d— 2,d— 1 and d ^ 1,3. In particular, for semiample anticanonical 
regular hypersurfaces of dimension 3, we get a complete description of the chiral 
ring. 

We claim that the part of H*(X 7 A*Tx) given in the above theorem is a sub- 
ring. Let us describe the product structure on this part. First, note that the ring 



<S) P H P (X, /\ p Tx) is commutative. Theorems 3.3, 4.7, Lemmas 4.8, 6.9 and equation 
(||) give us all information about the ring structure except for the products j\ U j B 
when pi and pj span a cone of £ contained in some 2-dimensional cone a £ Ex • For 
such pi and pj , we first show that 7^ U uj 3 b is in the part of the middle cohomology 
represented by © (ffifeW^). It is easy to see that 7^ € H*(X 7 A*7x) can be lifted 
to 7 in i/*(Ps, A*7p E ) with respect to the maps of Lemma |3.6| . Using this lemma, 
for h e i? d_1 (P s ), we have 

7*,Ui4ui*/i = ±7iufftu4 = ±i* {j U h) U uj 3 b = 
since the toric part is orthogonal to the residue part in the middle cohomology. 
Similarly, ip*j A = if"f\ for a corresponding j A <E H*(X n V (r), A*T xn v(T)), t S 
E(2). Therefore, for h' G H d ~ 5 (X n V(r)), 

7^U^lV r! /i' = (^ T! (^;( 7 ^U^)U/i' = 99 T ,(7» l U<^U/i / ) = ±(^ T ,(7j 1 U/i')U^ = 



where we use the projection formula for Gysin homomorphisms and Theorem 6.7. 
Hence, by the same Theorem and because of the nondegenerate pairing on the 
middle cohomology, the cup product ~{\\Ju) B lies in the space given by [w_]©(®fco;*). 
By the isomorphism (W), the cup product j A U 7^ is in the part of the chiral ring 



described in Theorem 7.1. Thus, this part is a subring of H* (X, A*Tx). 
Since X is Calabi-Yau, we have natural isomorphisms 

H d - 1 {X,f\ d - 1 T x )=H d - 1 {X,Ox) = H°{X, ni-^^C. 

The cup product on the middle cohomology induces a nondegenerate pairing on the 
chiral ring and its subring represented by 7_ © (®kj k )- Therefore, one can recover 
the product structure of the subring, knowing the triple products on this subring. 
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Because of Lemmas |4.8| and |6.9| it suffices to consider the product of three elements 
1a u 1b u lc e H d ^ 1 (X, A d ~ 1 Tx) in the cases i = j = I and i = j with I such 
that pi, pi span a 2-dimensional cone of E contained in some a G Ex (2). For this, 
compute 

(7^ U 7b U 7^ U [wi]) U [wj = £ 7 a U^U^= £ 7 ^ U^U <pn& c 
= ePiiiPiilA u w b) u ^c) = e Pil(fa* w Wf(/)) uS c) 



£W 



U ^! W C = £LJ ABHf(f) Uw C= (YW?(/) U W c) U kl] 

^ mult(cr fc + o-fc+i)[w A1 -i( ABC .^(/) G ^(/))] U [wi] 
mult ((7k) mult (cr fe+ i) 



where we used Propositions 6.3, 6.11, 6.10 and the projection formula for Gysin 
homomorphisms, and where e is a sign depending on the degree of C. Similarly, in 
the other case (as in (JsJ) , pi — pi k ): 

( 7 i U f B U 7 £ ±1 U [wj) U [wi] = £ 7 a U^U wjf 1 = Uu^U Wfc±1 ,5^ 

= £W fc±1 .K ±1 (7a U Jb) U i^ 1 ) = ±£ Wfc±1! (« ±i ^ Bff „ ±i(/) ) U S^ 1 ) 

= ±^m^ i( /) U 4 fc±1 = ±(7Wi; ±1 (/) U 4 fc±1 ) U [wi] 

i-i(ABCH? ±1 (/)G-(/))] U [wi] 



mult(a fcifc± i) 



Since there is an isomorphism U[wi] : H d ^ 1 (X, O x ) = H d ~ l (X, Vl^ 1 ), from the 
above calculation we get an explicit product structure on the chiral ring. 

Theorem 7.3. Let X C Ps be a semiample anticanonical regular hypersurface 
defined by f S Sp. Then, under the identifications of Theorem 7.1, we have 

(i) 7a U 7s = jab, 

(ii) 1a^1b = 1ab> 

(iii) 7i U 7g = 0, i ^ j, unless pi and pj span a cone of E contained in a 
2-dimensional cone o/Ex, 

(iv) for pi = pi k (£ Ex, &s in contained in a G Ex (2) and A, £> G 

i u i _ mult K +gfc+l)7p-M^BG-(/)) m H d-l( X l\d-l T \ 

A 3 mult((T fc )mult((jfe + i) 



where the map p and G" T (/) G S^p—tpa are defined in l ]2(\ ) and Proposition 6. It, 

(v) for pi, Pj Ex which span a 2-dimensional cone a' G E contained in a G 
Ex(2) and A, as m (iv), 

^ I ln-HABGojf)) Tjd-\( Y Ad-1 T \ 

^ U ^B- mult(a0 m H v ' T ^ 

(vi) /or ^ = p/ fc as in (j^J and A,B,C G iif smc/i i/ia£ ABC G 
^1 (/)(d-4)0+3/9f > 

i f j _ (mult(cr fc ) - mult(cr fc+1 ))mult(g fc + Jt+^r'tABCH^/lG't/)) 
7a U 7s U 7c - (mult(o- fe )multK +1 )) 2 

where H a (f) G Sf}-p° is defined in Remark 6.1 l \ 
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(vii) for pi — pi h as in (^) and A,B,C as in (vi), 
where <Jk,k±l denotes the cone spanned by pi and pi k±1 - 

Remark 7.4. If the multiplicities of the 2-dimensional cones of the fan E, lying 
inside a cone of Ex (2), are equal to 1, then 7^ U 7^ U 7^ = in part (vi) of the 
above theorem. In particular, this holds for the minimal Calabi-Yau hypersurfaces 
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